HU-EP-02/23 
SPIN-02/17 
ITP-UU-02/26 
hep-th/0206038 



O 
O 



co 

(N 



Orientifolds of K3 and Calabi-Yau Manifolds 
with Intersecting D-branes 

Ralph Blumenhagen 1 , Volker Braun 1 , Boris Kors 2 , and Dieter Liist 1 



1 Humboldt- Universitat zu Berlin, Institut fur Physik, 
Invalidenstrasse 110, 10115 Berlin, Germany 



CO 
> 
00 

CO . 

O' e-mail: blumenha, braun, luest@physik.hu-berlin.de 

^ . 2 Spinoza Institute, Utrecht University, 

Utrecht, The Netherlands 
email: kors@phys.uu.nl 

5^ ■ Abstract 

We investigate orientifolds of type II string theory on K3 and Calabi-Yau 3-folds with 
intersecting D-branes wrapping special Lagrangian cycles. We determine quite generically 
the chiral massless spectrum in terms of topological invariants and discuss both orbifold 
examples and algebraic realizations in detail. Intriguingly, the developed techniques pro- 
vide an elegant way to figure out the chiral sector of orientifold models without computing 
any explicit string partition function. As a new example we derive a non-supersymmetric 
Standard-like Model from an orientifold of type IIA on the quintic Calabi-Yau 3-fold with 
wrapped D6-branes. In the case of supersymmetric intersecting brane models on Calabi- 
Yau manifolds we discuss the D-term and F-term potentials, the effective gauge couplings 
and the Green-Schwarz mechanism. The mirror symmetric formulation of this construc- 
tion is provided within type IIB theory. We finally include a short discussion about the 
lift of these models from type IIB on K3 to F-theory and from type IIA on Calabi-Yau 
3-folds to M-theory on G<i manifolds. 
06/2002 



1. Introduction 



One of the ultimate goals of string theory is to provide a model from which one 
might derive the real low energy physics as its effective theory. Of course, we are still far 
away from a solution to this problem, but recently new models have been devised that 
qualitatively come fairly close to the Standard Model in many respects. The main new 
ingredient in these models is that they contain intersecting D-branes and open strings in 
a consistent manner, which provide simple mechanisms to generate chiral fermions and to 
break supersymmetry Jl|-|29|]. They were therefore called intersecting brane worlds. The 
main focus has so far been put on orientifolds for which the background geometry is realized 
as a torus or a toroidal orbifold. This restriction we want to remove in the present paper, 
and generalize the concept of intersecting brane worlds to generic background geometries 
of K3 or Calabi-Yau 3-folds. We construct six- and four-dimensional orientifold vacua of 
type II string theories with D-branes wrapping cycles of middle dimension in the internal 
compact space. The patterns of their intersections govern the properties of the effective 
theory, such as its chiral fermion spectrum, the breaking of supersymmetry and the scalar 
potential generated for the moduli fields. 

In brane world models one usually considers D-branes wrapping part of the internal 
compactification space and filling out the non-compact space-time. It is clear that a single 
D-brane wrapping a cycle in some compact Calabi-Yau manifold is not a consistent string 
background of such a type, as the total Ramond-Ramond (RR)-charge has to vanish. One 
way to remedy the situation is to consider non-compact Calabi-Yau manifolds allowing 
the RR-flux to escape to infinity. This option is only applicable to local models of gauge 
theories, as the gravitational excitations on the internal space will in general not decouple 
from the effective four-dimensional physics. Another option within type II string theory is 
to use D-branes together with their anti-branes, which will allow for configurations with 



vanishing RR-charge, however at the price of breaking supersymmetry PD |. Since for a 
supersymmetric model not only the RR-charges must add up to zero but also the overall 
tension of the branes must vanish, one must introduce objects with negative tension to 
compensate for the branes. Such objects are provided by orientifold planes, so that the 
natural arena for compact models are orientifolds of type II string theory on Calabi-Yau 
manifolds. 

Apparently, in such models we have to deal with the description of D-branes wrapping 
internal cycles of the K3 respectively the Calabi-Yau manifold. Independent from more 
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phenomenological considerations, the physics of D-branes wrapped on supersymmetric 
cycles in some Calabi-Yau manifold was studied in detail during the last few years [|3lT[l5 



As a very striking result the notion of mirror symmetry has been shown to generalize 
to such open string models, in simple cases allowing to compute the corrections to the 
Af = 1 superpotential due to world-sheet disc instantons by utilizing the perturbative tree 
level result of the mirror configuration. In principle these techniques should find a natural 
application in the far more complicated models we are going to discuss in this paper. 
Thus, in generalizing the orientifold construction from the singular orbifold backgrounds 
to generic Calabi-Yau spaces, we hope to provide opportunities for contact between the 
two fields of study in the future. 

The rather simple toroidal and orbifold intersecting brane worlds models have been of 
interest during the last two years for their ability to produce phenomenologically appealing 
string vacua in a simple way. They allow for a bottom-up approach to search for both 
supersymmetric and non-supersymmetric stringy realizations of the Standard Model or 
grand unified extensions thereof [pjll, 12|,^3 j25] . One starts with a conventional orientifold 



model, defined by taking the quotient of a type II string theory by a group of symmetries 
of the background and the world sheet parity O. For simplicity, one can restrict to the 
case that the orientifold planes just wrap middle dimensional homological cycles of the un- 
derlying manifold. It is then possible to introduce generic intersecting D-branes wrapping 
middle class homological cycles, as well, in a way that the total RR-charge cancels among 
the two. At the intersection of any such D-branes chiral fermions are localized [46|. It was 



shown that one can actually maintain supersymmetry in particular models of this kind 
B,|7|, |T2| . ri3|l , but generically it will be broken. If the supersymmetric models are perturbed, 
a scalar potential will be generated in the form of an F- or D-term and tachyons can arise. 
The latter is not automatic and can also be avoided. The scalar potential then freezes some 
of the Kahler and complex structure moduli. This phenomenon of moduli stabilization can, 



of course, also be observed in non-supersymmetric compactifications [|TT1 , |20| , [2^1 . 

It will turn out that a major fraction of the usual orientifold models studied extensively 
in six and four uncompactified space-time dimensions can be considered as a small subclass 
of the orientifolds with intersecting branes. The standard compactifications considered in 
the literature are recovered from the more general class of intersecting brane models by 
placing the D-branes parallel to the orientifold planes. 



To appreciate some of the results we will derive in this paper let us shortly review, 
how the CFT construction of an orientifold model on a toroidal orbifold background pro- 
ceeds technically. 1 One considers a quotient of a type II string theory on a four- or six- 
dimensional torus by a finite group which not only contains discrete symmetries but also 
the world-sheet parity transformation O. In order to derive the RR-charge cancellation 
conditions one needs to compute the Klein bottle amplitude explicitly in order to extract 
the infra-red divergences in the tree-channel. They are due to the exchange of massless 
closed string modes, which couple to the RR charge of the orientifold planes. Next one has 
to add appropriate open string sectors, D-branes, into the theory to cancel the divergences 
via the interference of the annulus and the Mobius strip amplitudes with the Klein bottle. 
This means that the RR-charges of the orientifold planes and the D-branes add up to zero. 
Due to the fact that the coupling of the massless RR closed string modes to the orientifold 
planes and D-branes is of a topological nature, the conditions that derive from the cancel- 
lation requirement only restrict some discrete parameters of the model, like the number 
of D-branes. But usually, some freedom remains in the construction, for instance in the 
action of the discrete symmetries on the Chan-Paton factors. Utilizing this information 
and fixing the arbitrariness by some choice one is finally able to compute the massless 
spectrum. It is not obvious that the resulting spectrum is given in terms of topological 
invariants of the D-brane geometry, as it involves a projection in the Chan-Paton gauge 
bundle on their world volume and the latter seems to depend on the details of the model. 

However, from other string models we are used to the fact that the spectrum of chiral 
fermions is determined entirely by the topology of the compact manifold. For instance, the 
number of generations in compactifications of the heterotic string on a Calabi-Yau manifold 
is determined by its Euler characteristic. In the same way, when toroidal intersecting 
brane models of this type were first considered in Jl|] , it was shown by explicit world sheet 
CFT computations that the chiral massless spectrum is determined by the topological 
intersection numbers of the homological cycles the D-branes are wrapping on. Since this 
relation between chiral fermions and topology is manifest in the anomalies, we expect a 
similar result to hold in any case. More concretely, one expects that for orientifold models 
on smooth K3 and Calabi-Yau 3-folds the chiral fermion spectrum should be given by 
topological invariants of the compactification space, of the submanifolds wrapped by the 
orientifold planes and the D-branes, and of the gauge bundles on the respective D-branes. 



1 For a recent and exhaustive review on open strings and orientifold constructions see [47|. 
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By restricting the branes and planes to preserve supersymmetry in the weak sense, that is 
any single D-brane preserves some supersymmetry, but not all branes and planes necessarily 
the same, one can simplify the situation considerably (see also []T9| , |22[| ) . The branes then 
have to be wrapped on certain calibrated cycles and the gauge bundles on their world 
volume need to be flat. This restriction is natural in the orientifold models which we shall 
be considering, and will only be relaxed in the non-supersymmetric Standard Model on 
the quintic in section (7.6). In particular, it allows to write explicit formulas for the chiral 
fermion spectra. We will see that the reason, why this has not been apparent in most of 
the orientifold models studied so far, is, that the actual computation has been performed 
at a singular point in moduli space, where certain cycles have shrunken to zero size. 

Concretely, the spectrum of chiral fermions is always given by the topological inter- 
section numbers of the cycles the D-branes are wrapped on. We consider it the main result 
of this paper to make this explicit and test the resulting spectra for their consistency with 
a large number of examples. In order to make a comparison to singular orbifold models 
one first has to perform a blow-up of their singularities and only then compute the inter- 
section numbers on the resulting smooth manifold. We will show that the computations 
for the orientifold on the blown-up K3 or on Calabi-Yau 3-folds agree completely with 
the chiral spectrum determined at the orbifold point by the lengthy procedure outlined 
above. For K3 these examples include T-dual versions of the model commonly known 
as the Gimon-Polchinski model |^8| (even though it was first constructed by Bianchi and 
Sagnotti [[49]]) and those studied by Gimon- Johnson |p0|| . Thus, the developments of this 
paper can be considered technically as an alternative route towards the determination of 
the phenomenologically important chiral massless spectrum avoiding the computation of 
explicit string partition functions. 

This paper is organized as follows. In section 2 we introduce the general set-up 
of intersecting brane worlds on orientifolds of smooth K3 and Calabi-Yau 3-folds. In 
section 3 we discuss K3 compactifications and present the generic result for the chiral 
massless spectrum expressed in terms of topological intersection numbers of 2-cycles in 
the K3. Anomaly cancellation in six dimensions yields a non-trivial constraint on the self- 
intersection number of the orientifold 07-planes for which we also give a mathematical 
proof. In section 4 we revisit a number of six-dimensional orientifold models studied so 
far in the literature and show that the chiral spectra computed by utilizing our novel 
prescription for the blown-up orbifolds agree with the spectra obtained at the orbifold 
point. The discussed examples include the original orientifold models of Gimon- Johnson, 
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the orientifolds on orbifolds of K3 studied in [51.52,53,53] and a model on the quartic. We 
study both non-supersymmetric and supersymmetric models. For specific supersymmetric 
orbifold models we also discuss the lift to F-theory on an elliptically fibered Calabi-Yau 
threefold. Finally, we show that the compactification of F-theory on Voisin-Borcea Calabi- 
Yau 3-folds is consistent with the proposed chiral spectrum, as well. In section 5 we 
apply our methods to orientifolds on smooth Calabi-Yau 3-folds. Again the chiral matter 
content is given by the homological intersection numbers of the D6-branes respectively 
06-planes. Section 6 is devoted to a detailed discussion of the generalized Green-Schwarz 
mechanism in these models. In section 7 we present some blown-up orbifold examples 
and construct on the Quintic Calabi-Yau manifold a non-supersymmetric Standard like 
Model. We continue in section 8 with the application of known results on the physics of 
D-branes wrapping special Lagrangian cycles in Calabi-Yau manifolds to supersymmetric 
intersecting brane worlds. This includes the generation of F-term and D-term potentials as 
well as a discussion of the gauge couplings. An equivalent mirror symmetric formulation 
for these set-ups is discussed in section 9 and finally in section 10 we comment on the 
lift of these configurations to M-theory and the geometric interpretation of their phase 
transitions. Finally, section 11 contains our conclusions. 



2. Intersecting brane worlds 

The models we are going to study all start from a supersymmetric type II compact- 
ification, either of type IIB on a K3 surface or of type IIA on a Calabi-Yau 3-fold, which 
admits an involution a of order 2. For the most part of the paper, we will want it to be 
the complex conjugation, 

a : Zi h-> Zi, i = l, ... ,d, (2.1) 

in local coordinates. It is anti-holomorphic in the sense that it takes the holomorphic 
(i-form to its conjugate. This geometric involution is then combined with the world sheet 
parity O. Dividing out by ficx leads to the orientifold backgrounds 

X = TR 9 ^ x (2.2) 

we are going to study. Of course, these models have some relations to type I string 
compactifications, which we are also going to use on occasion. Our examples for A4 2d will 



5 



involve K3 and Calabi-Yau orbifolds as well as algebraic models such as the quartic in CP 3 
and the quintic in CP 4 . 

As is well known, the fixed locus Fix (a) defines the location of orientifold Og-planes 
of dimension q + 1 = 10 — d, which takes values q + 1 = 8, 7 in the cases at hand. They 
extend into d internal directions and fill out the space-time. Just by the definition of a, 
Fix (a) is a special Lagrangian (sLag) submanifold of the internal space. Define locally the 
holomorphic <i-form fi^ and the Kahler form J by 

d 

fid = dz% A ... A dzd, J = i dzi A dz\. (2-3) 

i=l 

From cf (fid) = fid and cr(J) = — J it follows that 

3(a*)|Fix(a)=0, J| Fix( - )=0 . (2.4) 
Furthermore the holomorphic <i-form fid satisfies 

d I o a r> T^„l/A/<2d\ 



-i a n d AQ d = Vol(M M ). (2.5) 

J M 

and this then determines 

^(fid)lFix(F) = dvol| Fix(F ), (2.6) 

which means, Fix (a) is calibrated with respect to 9?(fid). For future reference we also 
introduce the normalized holomorphic <i-form 

2.1. Tadpole conditions and the scalar potential 

In the Klein bottle amplitude, which is, of course, only computable at very special 
points in the moduli space where a CFT description is available, the orientifold planes 
introduce IR divergences which have to be canceled by similar contributions from Dq- 
branes. The RR tadpole cancellation condition can be deduced on very general grounds 
from the Chern-Simons action for the Dg-branes p5] - |5D| 



S^= N [ ch^A^^^A^, (2.J 



and the orientifold planes 



Here the RR-charge quantum is given by 



= lF^AVC p . (2.9) 



^ = ^(«r- (2-10) 

and the sum is over all RR-forms C p in the respective theory. The relative charge of the 
orientifold planes is given by Q q = — 2 9-4 . The Chern character, Dirac genus and the 
Hirzebruch polynomial are defined via 

ch(J^) = Tre^ /2 ", 

Am = i-^-+ ■■■ = i+mk)+ (2.ii) 

tin/ a) = i + + ••• = ! + c 4 (n/4) + ■■■ . 

Moreover, TZt and 1Z n denote the pullbacks of the curvature two- forms of the tangent and 
normal bundle on the brane. The physical gauge fields and curvatures are related to the 
skew-hermitian ones in ( |2.8| ) by T = — 4iTc 2 a'F and 1Z = —4iiT 2 a' R. In all the models 
we shall be considering, the D-branes will be wrapping on calibrated sLag cycles of real 
dimension 2 or 3. Since the supersymmetry condition on such a sLag cycles states that 
the gauge bundle has to be flat, we get the simplification ch(J r )|D (J = cho(J r )|Dg = rk(jF). 
Moreover, the pull-back of the Pontryagin class pi(7Z) onto these lower dimensional branes 



reduces to Pi(7l)\-Dq = 0. The only contribution in the CS-term (|2.8| ) now comes from 

Cq + l- 

Let us denote the homology class of the fixed point set of the orientifold projection 
by 7To 9 = [Fi x (cf)] ^ Hd(M. 2d )- Similarly we denote the homology class a Dg a -brane is 
wrapping around by 7r a . In general, such a 7r a is not invariant under the fla projection 
but is mapped to a different cycle n' a . Therefore, one is forced to introduce a D-brane 
wrapped on that cycle, too. The part of the supergravity Lagrangian where the RR-field 
C q +i appears reads 



S = 



/ dC q+ i A -kdC q+ i + fx q N a [ C q+1 

4«T Jx jR9-2d ix7r a 



+ /i,V ]N a I C q+ i + (i q Q q C q+ u 



(2.12) 
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where the ten-dimensional gravitational coupling is k 2 = |(27r) 7 (a/) 4 . The resulting equa- 
tion of motion for the RR field strength G q+ 2 = dC q+ i is 

— d*G q+2 = ^ q S ^N a 5{n a ) + \l q J2N a 5(n' a )+v q Q q 5(n 0q ), (2.13) 



where 5(n a ) denotes the Poincare dual form of ir a . Since the left hand side in (p.!3|) is 
exact, the RR-tadpole cancellation condition becomes in homology 

J2 N A^a + O+Q q n Oq = 0. (2.14) 

a 

For D-branes not lying directly on top of the orientifold plane, any stack of N a branes will 
then support one factor of the total gauge group 

G = Y[U(N a ). (2.15) 

a 

Only if a stack of D-branes is located within the fixed locus of a, also SO(N a ) or Sp(N a ) 
gauge groups can occur. Since this case is less generic, we will restrict our attention to 
unitary gauge groups for the most part of this paper. Compared to type I string theory 
with a gauge groups SO (32) in ten dimensions (|2.15|) can be interpreted as a particular 



pattern of gauge symmetry breaking which involves a reduction of the rank of the gauge 



group, as well. In principle, the tadpole condition (|2.14| ) involves as many linear relations 
as there are independent cycles in Hd(AA 2d , IR). But, of course, the action of a on Ai 2d 
also induces an action [cf] on the homology and cohomology. In particular, [<r] swaps H r,s 
and H s,r , and therefore for 3-folds the number of conditions is halved in any case. 

Similarly one can generally determine the disc level NSNS tadpoles. These result from 



integrating the Dirac-Born-Infeld effective action fl60|,|61 



Sdbi = - T q / di +1 x e-^y/g^ (2.16) 



M 



9 + 1 



of the Dg-branes with the tension given by T q = \x q . The action (|2.16|) is proportional 



to the volume of the Dg-branes respectively the Og-plane, so that the disc level scalar 
potential reads 



p v°10-2d 

V = T q 



^ yol{M2d) ( E N " ( Vol (D<Za) + Vol(B-O) + Q q Vol(C,) • (2-17) 



Generically, this scalar potential is non-vanishing reflecting the fact that intersecting 
branes in general break supersymmetry. Non-supersymmetric compactifications can still 
be phenomenologically relevant in the context of large transverse volume compactifica- 
tions |62| , |63|1 . Note, that obstructions to these scenarios met with toroidal models are 
no longer present in the more general backgrounds we are going to consider. But since 
we are eventually interested in supersymmetric intersecting brane worlds, let us specialize 
to D-branes wrapping sLag cycles of K3 respectively Calabi-Yau 3-folds for the remain- 
der of this section. These can in principle be calibrated with respect to different <i-forms 
^(e^Vld), differing by a constant phase factor, which means that each of them preserves 
supersymmetry, but not necessarily all of them the same. Effectively, supersymmetry can 
be broken completely. For D-branes wrapping sLag cycles the scalar potential ( p.!7| ) only 
depends on the complex structure moduli, as in this case the scalar potential gets simplified 
to 



V 




a 



a 



a 



TTOq 



(2.18) 



Since is closed, the integrals only depend on the homology class of the world volume 
of the branes and planes. Supersymmetric models in this context are then defined by 
requiring that any single Dg a -brane conserves the same supersymmetries as the orientifold 
plane. In other words, the cycles the Dg-branes wrap on must be calibrated with respect 
to the same calibration form 3^(0^) as the Og-planes. In this particular case we can write 
(fTrj) as 



V 



N a 



+ Qq 




(2.19) 



Due to the RR-tadpole cancellation condition ( |2.14| ) this vanishes, so that the scalar po- 
tential is zero, as expected in the supersymmetric situation . 



2. 2. Spectra of massless bulk modes 

It is instructive to study the action of Qa on the cohomology in a bit more detail. 
While the fixed locus Fix (a) C M. 2d may well be empty, the set of a invariant d-cycles 
Fix ([if]) C H d (Ai 2d , M), never is, just as 3?(0d) defines an invariant class in H d . Of 
course, we always have [Fix(cf)] G Fix([cr]). The importance of \a] lies in the fact that 
it already determines completely the low energy spectrum of gravity fields. They arise 
from the dimensional reduction of the respective type II string theory upon expanding 
ten-dimensional fields in terms of harmonic forms on M. 2d . 
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For compactifications of type IIB string theory on K3 the cancellation of the six- 
dimensional gravitational anomalies links the closed and open string spectra. The rules are 
fairly simple: Any harmonic (1, l)-form Wj, i = 1, ... , ftA 1 ' 1 ), gives rise to a six-dimensional 
Af = (0, 1) hypermultiplet with four scalars from the reduction of the metric and the RR 
2-form in addition to a tensormultiplet containing the self-dual six-dimensional tensors 
that descend from the self-dual RR 4-form and a scalar from the reduction of the NSNS 2- 
form. Under the world-sheet parity transformation only the (1,1) forms are anti-invariant 
Ui I— > —Ui implying the following projections for massless closed string modes in the fief 
orientifold. If under a the 2-form u>i is anti-invariant we get a massless hypermultiplet and, 
if the 2-form u>i is invariant, a massless tensor-multiplet survives the projection. Since one 
tensor is part of the supergravity multiplet, in summary we can write 



The extra tensormultiplets enter the anomaly cancellation condition for the irreducible i? 4 
term and need to be balanced by chiral matter in the open string spectrum. We postpone 
the concrete computation of anomalies until we specialize to particular dimensions in the 
following sections. Very generally, it is determined by the number of intersections of 
the D-branes on the internal space. Roughly speaking, any single intersection point of 
two branes supports a single chiral fermion in the effective theory, which transforms as a 
bifundamental under the two respective gauge groups on the branes. For flat branes this is 
confirmed by the quantization of open strings with the appropriate boundary conditions. 
In a non-trivial background one can employ geometrical methods at large volume, where 
the classical geometry is valid. Then, chiral fermions are identified as zero-modes of the 
Dirac operator. By the Atiyah-Singer index theorem, these are related to topological 
invariants of the background manifold and the gauge bundle on top. 

For Calabi-Yau threefolds the story is very similar. The bulk supersymmetry is re- 
duced by the fief projection from Af = 2 to Af = 1. This implies that all bulk Af = 2 
superfields are truncated to Af = 1 superfields by the fief projection. Before the projection 
there were h^ 1,1 ^ abelian vector multiplets and h^ 2,1 ^ hypermultiplets. On the one hand 
the /i^ 1 ' 1 -* vector multiplets consist of 1 scalar coming from the dimensional reduction of 
the gravity field (the Kahler modulus), another scalar resulting from the reduction of the 
NSNS 2-form and a four-dimensional vector from the reduction of the RR 3-form along 
the 2-cycle. Similar to the K3 case, if the (1,1) form is invariant under fief an Af = 1 




(2.20) 



10 



chiral multiplet survives the projection and if it is anti-invariant we get an Af = 1 vector 
multiplet. Note, that the surviving chiral multiplets still contain the complexified Kahler 
moduli. 

On the other hand the four scalars of the /i^ 2 ' 1 ) hypermultiplets contain 2 scalars 
from the ten-dimensional gravity field (the complex structure moduli) equipped with 2 
scalars arising from the dimensional reduction of the RR 3-form along the two associated 
3-cycles referring to H 2,1 (Ai 3 ) and H 1,2 (Ai 3 ). Under the fief projection one of the two 
components of the complex structure is divided out and moreover one linear combination 
of the RR scalars survives, so that the former quaternionic complex structure moduli space 
gets reduced to a complex moduli space of dimension h^ 2,1 K 

2.3. Orbifold models 

Something more can be said in the cases where A4 2d is a toroidal orbifold of K3 or a 
Calabi-Yau 3-fold. First of all, Fix (a) can be determined rather generally. Let us restrict 
to orbifold groups Z^r = {0,0 2 , that act crystallographically on T 2d which we 

assume to be a direct product of two-dimensional tori T 2 , 1 = 1, ... , d. In chapter 7.2, we 
shall actually also discuss the orbifold T 6 /Z 2 x Z 2 , but the generalizations required are 
fairly obvious. When choosing local coordinates zj, the factorization implies a diagonal 
complex structure r IJ , 

d 

dzi = dxj + r IJ dyj = dxi + r 1 dyi, zi = zj + 1, zi = zj + t 1 . (2.21) 
j=i 

These coordinates diagonalize the orbifold action by 

d 

Q ZI = e 2niVl Zl , J2 v i = °' ( 2 - 22 ) 
i=i 

and W reflects yj. The orbifold action preserves the supersymmetry generators that satisfy 

0e = ±e. (2.23) 
The entire orientifold group is now generated by ficx and G. By using 



01/2^0-1/2 = @^ 
11 



(2.24) 



it is evident that the fixed locus of a on the quotient space can be understood as the orbit 
of its fixed locus Fix(o r )| T 2d on the tori, the product of the d real circles, in addition to the 
orbit of Fix(Ocf) | T 2d. Altogether we can write 



N-l 



Fix(a) = |J 0i ( Fix (^)lT^) U 6 i (Fix(0a)| T 2 d ). (2.25) 



i=0 



Since O 1 / 2 G 7Ln if and only if iV G 17L + 1, the two orbits are identical in these cases. 

The condition that a pair of two flat Dg-branes preserves any supersymmetry is de- 
duced from the Killing spinor equations |46[ 



F ... q e = ±e, S r Q ... q E'h = ±e, (2.26) 

which imply 

S 2 e = ±e. (2.27) 

Here, S denotes the relative rotation of the two branes. It is evident, that Dg-branes in an 
orbifold trivially preserve supersymmetry as long as they are related by rotations S 2 = 0, 
but ( p.23| ) and ( |2. 27 ) have more interesting common solutions. For the relative angles <pj 



of any one of the two branes with respect to the orientifold plane the condition ( |2.27| ) 
requires 

d 

^25^ = 6, (2.28) 

i=i 

with some fixed angle 9 and arbitrary signs 5j = ±1. If we further demand that they 
preserve the same supersymmetry as the orientifold Og-plane, we have to impose 



^(^7 = 0. (2.29) 



i=i 

This distinction corresponds to branes wrapping general sLag cycles calibrated by 
3ft(e l6l fid), respectively branes calibrated by 3^(0^). The relative signs 5/ = 1 of the d 
angles in (|2.29|) are dictated by those of the Vj in ( |2.22| ) via (|2.23| ). 

Furthermore, the action of [a] on the cohomology classes of degree d can be classified 
in orbifold models. For the case of K3 it is evident that a leaves only the two classes 
represented by 

dz\ A dz2 + dz\ A dz2, dz\ A dz<i + dz\ A dz^ (2.30) 

12 



invariant among those classes of 2-forms, which descend from the torus. Only the first one, 
in fact 1^2+^2, is also invariant under O with the exception of the case N = 2, where both 2- 
forms are invariant. Cycles that are calibrated with respect to this second a-invariant form 
come with a relative sign switch in the angle criterion ( |2.29| ) and preserve supersymmetries 
with the opposite chirality as the orientifold planes. As mentioned already, for the case of 
a 3-fold, the Dolbeault groups H 1,2 and H 2 ' 1 get exchanged by a such that one half of the 
linear combinations are even. All the invariant combinations of (2, 1)- and (1, 2)-forms are 
of the form 

dzj A dzj A dzx + dzi A dzj A dzx, (2.31) 

which are invariant under precisely if 2vk = mod 2. By examining the table of 
Calabi-Yau-orbifolds that admit CFT descriptions [|64| , |65| , one finds examples that satisfy 
this condition for any even iV and for exactly one vk in each case. Again, using these 
additional invariant forms as calibrations would introduce different signs into ( |2.29| ). 

Blowing up any of the orbifold singularities introduces additional cycles. For instance, 
blowing up an orbifold singularity in a K3 orbifold refers to gluing in N — 1 copies of a 
CP 1 . It may be parameterized by an inhomogeneous coordinate Zk as [1, Zk] U [0, 1], using 
the index k to label the set of such CP 1 . Turning on the blow-up mode means adding a 
term proportional to dzk A dzk to the Kahler form J. Now [a] acts as (—1) <8> p on these 
forms, where the (—1) is the intrinsic fi reflection of J and p denotes a permutation matrix 
of order 2. It acts on the labels k and swaps the fixed points of the orbifold generators as a 
whole. Thus, any doublet of p will give rise to one even and one odd class under [cr], while 
any p-invariant fixed point will simply be cf-odd. The action of p is of course the place, 
where the complex structure r 1 starts to play a decisive role, as the relation zj = Zi + t 1 
determines, if a given fixed point of is invariant under a or not. These data are reflected 
in the CFT construction of K3 orbifolds by noting that fief does not exchange the sectors 



twisted by fc and & N ~ k El. This is in contrast to the situation in standard type IIB 



orientifolds with a pure fi projection. 



3. Intersecting brane worlds in six dimensions 

In this section we consider intersecting brane worlds on K3 manifolds. We will provide 
evidence that the massless spectrum of chiral fermions in the effective six-dimensional 
theory is entirely determined by the topology of the configuration of orientifold planes 
and D-branes. This result is supported by the partially known orbifold limits of K3 and 
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a discussion of its algebraic realization as a quartic in CP 3 . In addition, we show it to 
be consistent with the compactification of F-theory on Voisin-Borcea Calabi-Yau 3-folds, 
which in certain limits are believed to be dual descriptions of orientifold vacua. We also 
include some considerations on the F-theory lift of the most simple T 4 /^2 orbifold. The 
cancellation of the irreducible gravitational anomaly provides a link between closed and 
open string spectra and the topology of the orientifold plane. This extra condition is shown 
to hold in all the models. 

3.1. Chiral spectrum, anomalies and tadpoles 

Let us summarize the set-up: We compactify the type IIB string on a K3 manifold 
which admits an anti-holomorphic involution a. Then, we can perform the orientifold 
projection by QcF, which leads to a model with M = (0, 1) supersymmetry in six dimensions. 
In general the spectrum of fermions is chiral and the massless closed string spectrum alone 
does not satisfy the cancellation of the gravitational anomaly. The condition for the 
vanishing of the coefficient of the irreducible R 4 term is 

nn - n v + 29 n T = 273, (3.1) 

stated in terms of the numbers of hyper-, vector- and tensormultiplets. It puts constraints 
on the open string spectrum. 

The 07-planes are located at the fixed locus Fix (a) of a and are charged under some 
of the RR-fields. In terms of the definitions ( |2.3j ) they wrap on sLag 2-cycles of the K3 
manifold. Their RR-charge must be canceled by stacks of D7-branes wrapping 2-cycles of 
the K3, as well, 

5^iV a (7r a + = 87ro7- (3.2) 

a 

The homology group i^2(K3, 2) is of dimension 62 = 22 and comes with the intersection 
form, so it is a Lorentzian lattice of signature (3, 19). By choosing a proper basis, it can 
be put into the standard form 

# 2 (K3, z) = r M © r M © r M © r Es © r Es , (3.3) 

with Ti i denoting 2x2 matrices with entries on the diagonal and 1 off-diagonal, and 
the Cartan matrix of Eg. We shall find it an important point to normalize the classes 
%o7 and tx a appropriately, when going from i?2(K3,lR) to i^2(K3, Z), which physically 
refers to the proper Dirac quantization of charges. 
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The chiral part of the massless spectrum is expected to be determined by the topol- 
ogy of the configuration due to index theorems. In the case of intersecting branes the 
chiral matter is supported by open strings localized at the intersection points of the var- 
ious branes [I6J. There are several cases to be distinguished: A self-intersection of any 
D7 a -brane wrapping the cycle rc a is never invariant under a by our convention, as it is 
mapped to a self-intersection of the image wrapped on %' a . The excitations at this point 
therefore do not experience any projection and their Chan-Paton index is an unconstrained 
N a x N a matrix. This gives rise to a chiral fermion in the adjoint representation of the 
U(N a ) gauge group. However, an intersection of a brane with its image can be invariant 
under cf, which happens precisely if the intersection locus lies within Fix (a). The fields at 
this intersection would then be subject to a projection of the Chan-Paton labels by fief. 
Summarizing, intersection points which are invariant under fief provide chiral fermions 
in the anti-symmetric representation of U(N a ), whereas fief pairs of intersection points 
lead to chiral fermions in the anti-symmetric and symmetric representation of the gauge 
group. Finally, open strings stretched between two different D7-branes always give rise 
to chiral fermions in the bifundamental representation of the two gauge factors. Together 
one gets the chiral spectrum of table 1 (the subscripts below the gauge representations 
denote the transformation properties under the little group SO (4) ~ SU(2) x SU(2) in six 
dimensions). 



Representation 


Multiplicity 


[Adj] (li2 ) 




[A a + A a ] ( i )2 ) 


\ (7T a O Tl' a + 7T a O H 07 ) 


[S a + S a ](l,2) 


\ (Va ° K ~ ° 7T07) 


[(N a ,N b ) + (N a ,N b )] (1)2) 


TT a O 7l b 


[(N a ,N b ) + (N a ,N b )] (1;2) 


7Ta ° 



Table 1: Chiral spectrum in d = 6 



Here we denote by I(x,y) = x o y the intersection number of x and y, i.e. the product in 
the homology ring. If the intersection number is negative, it is understood that one has to 
take the opposite chirality. This spectrum will be shown to be completely generic for all 
orbifold models we are going to consider, as well as for a purely toroidal background. We 
will also find it consistent with the algebraic model of K3 as a quartic hypersurface in (DP 3 
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and with F-theory compactifications on Voisin-Borcea 3-folds. Further, it is formulated 
entirely in terms of topological quantities invariant under continuous deformations of the 
moduli. We therefore propose it to be valid throughout the moduli space of the background 
K3, beyond the singular limits one can actually probe explicitly. 

As a consistency check we find that all contributions to the irreducible F 4 anomaly 
coefficients cancel automatically by the tadpole cancellation ( |2. 14j) . This is necessary as 
there are no contributions to the gauge anomalies from the closed string sector. For the 
open string contribution to the gravitational i? 4 anomaly we get 

A op = 14 7T07 O 7T 7, (3.4) 

when counted in N = (0, 1) supermultiplets. Intriguingly, the anomaly in the open string 
sector only depends on the intersection number of the 07-plane, which is a closed string 
quantity. On the other hand, a relation of this kind had to be expected as ( |3.4[ ) must 
cancel the contribution A c \ = 273 — njj — 29tit = 28(9 — n-p) to the anomaly from the 
closed string sector. This implies the surprising relation 

7T 7 ° 7T07 = 2(9 - n T ) = ^2 N aN b {-K a O 7T b + TT a O Tv' b ) (3.5) 

a,o 

between the self-intersection number of the 07-plane, the number of tensor multiplets and 
the total intersection of all the D7-branes. At the end of this section we will prove the 
relation ( |3.5|) from pure mathematical reasoning. 

At first glance, the statement that the spectrum in table 1 should hold for each K3 
orientifold in general seems to be quite surprising. For special orbifold limits of K3 the 
chiral massless spectra were obtained after a quite lengthy computation involving the 
determination of the action of the discrete symmetries on the Chan-Paton factors and the 
computation of the tadpole cancellation conditions for the various twisted and untwisted 
sectors, using the explicit one-loop partition function. In the upcoming paragraphs, we 
will compute the chiral massless spectrum in a number of examples by using table 1 and 
show that the chiral spectra completely agree with those obtained in the orbifold limits. 

A particular class of models consists of those preserving supersymmetry. As was 
discussed already, supersymmetry implies all the D7-branes to wrap cycles calibrated with 
respect to ^(Oa) , as do the 07-planes. This already implies the very special form ( |2.19| ) 



for the potential and its vanishing via the tadpole cancellation condition ( |2.14| ). The 



most simple way to preserve supersymmetry is to place the D7-branes right on top of the 
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orientifold plane, i.e. set all 7i a = hoj. These models with maximal gauge symmetry 
have been studied in P^ , |5D| , |55| , |57| , p5| , |55| , ^T] , |5B| . At least at the orbifold points one can still 



check for supersymmetry, if the D7-branes are not parallel to the orientifold planes, as here 
the metric is given by the metric on the original torus. Independently, one can explicitly 
determine the intersection angles of the D7-branes and investigate whether they satisfy 
( p.29| ). Since there does not exist a superpotential in six-dimensional field theories with 
M = 1 supersymmetry, supersymmetry breaking can only occur via Fayet-Iliopoulos terms. 
As we have seen, the scalar potential that arises from the tension of the D7-branes by the 
reduction of the DBI effective action only depends on the complex structure moduli. For 
instance, blowing-up the orbifold fixed points should therefore correspond to flat directions 
and preserve supersymmetry. 

3.2. Mathematical derivation 

Suppose you have a smooth K3 surface M. with smooth antiholomorphic involution a. 
The cx-fixed set E = Fix(cf) is either empty or a smooth embedded surface (possibly with 
multiple disconnected components). It is smooth because (T p M.) a ~ T p E varies smoothly 
for all p G E. In section ^ we already saw that E is special Lagrangian. Therefore 
the complex structure J : TM. — > TM. maps TE to NT, and vice versa, so we get an 
isomorphism 

J p : T p E ~ iV p E. (3.6) 

Now by exponentiation we can associate a small deformation of E C M to a section of 
NT,, and therefore to a section of TE, i.e. vector fields. 

The self-intersection of E is the intersection with some deformed copy of E. Choose a 
vector field v G T(TE) with simple zeros then 



EoE 



-{#zerosof v] =-*(£) (3.7) 



by the Poincare Hopf index theorem. Here the zeros of the vector field of course have to 
be counted with signs and multiplicities, i.e by their index. The overall sign in (|3.7j ) is 
subtle but can easily be fixed by a local model. Note that it is not an independent choice 
of convention, but rather fixed by sign conventions for the index in vector fields and the 
convention for self-intersections. 

Now a acts freely on M — E and therefore 

x(A^ ) = *(^)-x(s) +x(E) = 12 + xg) (38) 
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So the homology of M.ja is (since a preserves the top class): 



dirriK ( Hi (M/a; JR) 



1 i = 4 

i = 3 
10 + 2^1 i = 2 (3.9) 

i = 1 

1 % = 

and the dimension of the invariant subspace of H2 (X ; IR) has to be 

b+ = io + ^p 6" =22-6+ = + (3-10) 

Combining (|3.10[ ) and (|3.7[ ) we find 

SoE = 2(10-6+) ^ 7r 7 7ro7 = 2(9-n T ). (3.11) 

4. Examples on K3 

We now present a number of examples of six-dimensional orientifolds on K3 with inter- 
secting D7-branes and 07-planes. We start with a number of orbifold models, then discuss 
the quartic in (DP 3 , and finally add a number of observations on the lift of supersymmetric 
models to F-theory on a Calabi-Yau 3-fold. 

4-1. Preliminaries on K3 orbifolds 

In the following we study certain orbifold realizations of K3 and provide evidence that 
the picture developed above applies. We consider the {Z2, Z3, Z4, orbifold limits of 
K3, where the action of ~Kn on the Zi, z<± of ( |2.21| ) is defined by vj = (1/N, —1/N) as in 
( |2.22|) . Recall, that the spectrum in table 1 is meant to be computed using the intersection 



numbers on the resolved orbifold and not on the initial torus. There are some 2-cycles n a 
on the K3 which are inherited from the torus. In the KK reduction on the orbifold they 
correspond to massless modes in the untwisted sector of the theory. In general 2-cycles 7f a 
on the torus are arranged in orbits of length iV under the TL^ orbifold group, i.e. 

N-l 

i=0 

Such an orbit can then be considered as a 2-cycle of the orbifold, where the intersection 
form is given by 

^ o 7v b = ± ( V e i 7f a I o I y e% 6 1 . (4.2) 
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Beside these 2-cycles the fixed points of the orbifold action give rise to exceptional 2-cycles, 
which correspond to massless fields in the twisted sectors of the orbifold. Blowing up the 

1- th 7L^ singularity yields (N — 1) 2-cycles, e^f \ j G {1, . . . , N — 1}, whose intersection 
matrix is given by the Cartan matrix of the Lie algebra Ajv-i, which is encoded in its 
Dynkin diagram. 

g(l) g(2) g(3) e ( N _ 3) e<N _ 2 ) e (N-l) 

Figure 1 

Note, that the cycles 7r a and ef' in general do not yield an integral basis of H 2 (K3, Z), but 
instead only generate a sub-lattice, while still of dimension 22, of course. Nevertheless, 
it provides the most convenient basis to work with when studying orientifolds, as the 
homology class of the orientifold plane and the action of the orientifold projection on these 

2- cycles can easily be determined. 

As was anticipated in ||51|| . fief leaves all twisted sectors invariant and only leads to 



tadpoles from untwisted sectors. Thus, after blowing up the orbifold singularities, the 
07-planes only wrap 2-cycles 7r a inherited from the torus and no exceptional divisors. To 



find 7ro7 one then only needs to apply ( 2.25 ). By the relation ( |3.5| ), knowing only the 



orientifold plane is already sufficient to determine the contribution of the chiral spectrum 
of open strings to the gravitational anomaly. As an independent check, the action of fief 
on i?2(K3, Z) can then be used to compute ut from ( |2.20| ). 

The action [a] of a on the cohomology of K3 was discussed in section 2.2 and can 
straightforwardly be determined. At the orbifold point all twisted sectors organize into 
singlets and doublets under fief. Taking the intrinsic reflection into account as before, we 
write [cf] = (— 1) <8> p, denoting the permutation of twisted sectors by p. In the smooth 
case, we then expect [cf] to act in an unchanged manner, 

e S J) ^- e S) for ie{i,...,iV-i}. (4.3) 

Before moving forward to study explicit blown- up 2 n orbifolds in more detail let us define 
a few useful conventions for the set of 2-cycles W a on the torus. Within the framework of 
the four orbifolds of K3 which we are going to consider it turns out that each model 
allows two inequivalent complex conjugations cf, depending on the complex structure of 
the background torus. For the case of {^2, Z4} we shall employ, up to rescaling, the root 
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lattice of SU (2) 4 , and for {Z 3 , 2 6 } that of SU (3) 2 . The complex structure r 1 of any single 
Tf is defined by selecting two lattice vectors e{ = 1, e| basis, where a reflects 

along e{. As in ]54[] we define the choice A for the two lattices by taking 



ta=i, ta = e 



2iri/6 



(4.4) 



for SU{2) 2 and SU(3), respectively. The elementary cells of this type A are displayed in 
figure 2. 



su(2y 




SU(3) 



Figure 2 



The case B B now refers to using the reflection symmetry of the lattices along the 
diagonal of these cells A, defined by ei + e.2- Therefore, the B type elementary cell is 
obtained by applying a rotation and a rescaling to the A type. The respective complex 
structures are given by 

14-?' 1 i 

(4.5) 



1+i 1 % 

TB = ~ TB = 2 + 27! 



for SU(2) 2 and 577(3). The B type elementary cells are depicted in figure 3. 



SU(3) 




Figure 3 
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Note, that in type I theory the real parts of the Kahler moduli are frozen and may take 
values 0, 1/2 only. In the present dual model, where fief is projected out, this requirement 
translates into demanding a crystallographic action of a leading to 3?(r ) = 0, 1/2. 

For convenience, we now pick a fixed basis for H2(T 4: ;W.) and use it in both cases, 
which implies slightly more complicated formulas for the B type models. Given the A 
type lattice e{ = 1 and = rj[, we define a basis {7^}, i = 1, ... ,4, of Hi(T 4 ; 2) by the 
four circles spanned by the basis vectors, Tz+2(J— 1) = [( e f)]- Then 

Kij = 7, <g> 7j (4.6) 

is a basis for H.2{T At \7L). With this choice, the action of [ef] is very simple for the A 
type cells, [a] leaves just the 1-cycles along e{ invariant, whereas for the B type, those 
along e{ + are invariant. By tensoring these together, one finds three inequivalent 
combinations { AA, AB, BB} for any orbifold group. The three models will also differ in 
the transformation of the fixed points of the orbifold group generator under ef, which also 
depends on r . 

4.2. The orbifold limit T 4 /Z 2 

The simplest case to consider is the orbifold defined by © which reflects all four 
coordinates O : i G {1,2,3,4} of the T 4 . The sixteen fixed points under the 

Z 2 are given by {(0, 1/2, t x /2, (1 + r 1 )/2) x (0, 1/2, r 2 /2, (1 + r 2 )/2)}. We denote them 
as Pij with i,j e {1,2,3,4}. As defined by (|4.6|) , there are six elements in ^(r 4 , Z), 
which we denote as 

{7fl3,7f24, 7fl4,7f23, 7fl2, 7f34}- (4.7) 

Their intersection form reads 

/T4 = (l J) ® diag(l,-l,-l). (4.8) 

Each of these six 2-cycles Wij on T 4 gives rise to a 2-cycle on the orbifold, mj, by taking 
its orbit under 0. As elements of H2(T 4: ,]R) they are simply invariant and thus also 
generators of H2(T 4l /~2-2, 1R)- But defining the image classes in H2(T 4 /Z2, Z) requires the 
proper normalization. It is evident, that a D7-brane wrapping along any of the elementary 
cycles is in general mapped to a different position on the torus by O. The only exception 
occurs, if it is located within Fix(a)| T 4 U Fix(0a)|T 4 - In this case, it could only be moved 
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outside of this locus, if there were a second copy available, as its image under O. Otherwise 
it is stuck to the fixed locus of a and fractional in the physical sense of carrying only 1/2 
of the untwisted RR charge of a bulk brane. Thus, we conclude that the cycles descending 
from the cycles of the T 4 all appear as elements -k^ = 2Wij in if 2 (r 4 /2 2 , Z), corresponding 
to bulk D7-branes. Applying (fO|) yields their intersection matrix 

J^- = 2 I T4 (4.9) 

on the orbifold. The remaining 16 2-cycles of the K3 are the blown-up (DP 1 at the 16 fixed 
points Pij. Let us denote these sixteen exceptional divisors as e»j analogously. They have 
vanishing intersection with the six 2-cycles inherited from the T 4 and among themselves 
the intersections read 

o e k i = -2 8 ik 8ji. (4.10) 

This is the Cartan matrix of A\ 6 . Together this set of 2-cycles {ftij, eij} generates the so- 
called Kummer lattice, an index two sublattice of i?2(K3, 2) = r 3) i 9 . In order to generate 
the entire lattice, we would also have to add fractional branes wrapping on cycles of the 
kind |tti3 + \ (en + e\2 + e<i\ + e^-i), which is not part of the Kummer lattice. One always 
needs iV fractional branes to form a bulk D7-brane in a orbifold. 

Now, we come to perform the orientifold by Ocf of the smooth K3 manifold. As was 
explained above, we can define anti-holomorphic involutions a which act crystallograph- 
ically on the T 4 with three different choices of the complex structure of Tf, labeled by 
{AA, AB,BB}. 
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4-2.1. AA-orientifold 



Let us first choose r| = i on both Tf, the A A model. The homology class of the 
07-plane is 

7T 7 = 2(7r 13 + 7r 24 ). (4.11) 

With this choice of complex structure all the fixed points are geometrically invariant. 
Through the intrinsic reflection of the blow-up mode, [cf] then reflects all e^. On T 4 only 
the cycles Wis an d 7T24 are invariant. The action of [cf] on the 22 two-cycles is then given 
by 

[cf] aa = diag(l 2 ,-l 20 ), (4.12) 

with l n denoting unit matrices of rank n. This also implies, that the image under fief of any 
brane with non-vanishing twisted charge always carries the opposite twisted charge. The 
number of tensor multiplets is now found to be nx = 1. Computing the self-intersection 
number of the orientifold plane (|4.11 ) we find 7ro7°7rc>7 = 16 so that indeed the i? 4 anomaly 
is canceled. Now, we have all the ingredients required to compute the chiral spectrum of 
a general intersecting brane world on the K3 given by a blow-up of the orbifold T 4 /Z 2 . It 
is easy to see that as long as we only introduce bulk branes the spectrum in table 1 agrees 
with the spectrum found in for this case. 

In fact, for the simple case of a 2 2 orbifold group, the projection by fief is equivalent 
to the standard projection by fi upon performing T-dualities along the two circles param- 
eterized by Q(zi). Let us therefore show as a check of our methods, that we can recover 
a T-dual version of the original Z 2 orientifold first discovered by Bianchi and Sagnotti 
in |49| and described in terms of D-branes by Gimon and Polchinski |[48||. The tadpoles 



can be canceled by introducing just two stacks of fractional D7-branes with multiplicities 
Ni = N 2 = 16, which support a gauge group £7(16) 2 . The cycles and their fief images they 
are wrapped around are 







1 

+ 2 


(en + e 12 + e 2 i + e 22 ) , 


A = 




1 

~ 2 


(en + e i2 + e 2i + e 22 ) , 


7T 2 = 


2 <>24) 


1 

+ 2 


(en + ei 3 + e 3 i + e 33 ) , 


n' 2 = 


\ <>24) 


1 

~ 2 


(en + ei 3 + e 3 i + e 33 ) . 



(4.13) 



23 



Their intersection numbers 

7Tl O 7Tl = —2, 7T2 O 7T2 = —2, 7Tl O 7T^ = 2, 

7Tl O 7T07 = 2, 7T2 O 7T07 = 2, 7Ti O 7T2 = 0, 

yield the chiral massless spectrum shown in table 2 



7T 2 O 7T 2 = 2, 
7Tl O 7T 2 = 1 



(4.14) 



Representation 


Multiplicity 


[(Adj,l) + (l,Adj)] (2 , 1) 
[(A,l) + (l,A)+c.c.] (1 ,2) 
[(16,16) + c.c.] (1)2) 


2 
2 
1 



Table 2: CP model 



which agrees precisely with the massless spectrum determined in [fl"9| , |4"8| . Note, that in the 
orbifold limit the gauginos in the adjoint representation of the gauge group appeared in 
the sector of open strings with both ends on the same D7-brane. Chirality was induced 
by a non-trivial projection on the Chan-Paton indices, but the naive self-intersection of 
the brane was vanishing. However, in the smooth case the gauginos are localized at the 
self-intersections of the D7-branes. This self-intersection point was somehow hidden in the 
orbifold singularity and encoded in the action of the orbifold generator on the Chan-Paton 
indices. To make this whole picture consistent, it was absolutely crucial that the self- 
intersection number of an exceptional divisor is o = —2. At the orbifold point the 
model is supersymmetric, as here the D7-branes simply lie on top of the orientifold plane. 
Changing the Kahler structure by blowing-up the sixteen 2 2 singularities does not break 
super symmetry, as long as each individual D7-brane wraps a cycle calibrated by ^(fi,^)- 

Since the D-branes in ( |4.13[ ) do wrap exceptional divisors, the tadpoles of the ori- 
entifold planes are not canceled locally in this model. To cancel them locally, one must 
introduce four stacks of N = 4 D7-branes wrapped on the cycles 



7I"1 = 7Tl + = 7T13, 7T2 = 7T2 + 7T 2 = 7T24- 



(4.15) 



Since these cycles are invariant under Via one gets an overall gauge group SO(4) 4 x 
SO(4) 4 = SU(2) 8 x SU(2) 8 . Note, that this should be precisely the model for which 
Ashoke Sen presented an F-theory dual description in ||70| , |Tlf| . We will discuss the impli- 
cations of this dual F-theory picture in section 4.7.1. 
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Let us consider another example with fractional D-branes that had appeared in 
The tadpoles can also be canceled by just a single stack of N = 16 branes, together with 
its image under Via. It is wrapped on 

1 r ^ 1 , 

71 = o t 71 " 13 + 71-24 + 71-14 + 7T2S > + O ^ n + e44 + ei4 + e 4l) ' 

l I (4-16) 

71"' = ^ (^IS + ^24 - 7T14 - 7T23) ~ „ ( e H + 644 + e l 4 + ' 

Thus, we get a gauge group {7(16). For the relevant intersection numbers we obtain 

7T O 7T = — 2, 7T O 71"' = 4, 7T O 7T07 = 4, (4-17) 

giving rise to the chiral massless spectrum 



Representation 


Multiplicity 


[ Ad j](2,l) 

[A + A] (lj2) 


2 
4 



Table 3: Chiral spectrum 



This is precisely the spectrum obtained in the orbifold limit 
scalar potential ( |2.17| ) at the orbifold point one finds 



Computing the disc level 



V = T 7 e 



-<t>6 



n xh- 1 ) + 



i 



.1=1 



9(r') 



^(r 1 ) 9f(r 2 ) + 



1 



QffT 1 ) 9f(r 2 ) 



(4.18) 



which vanishes precisely if the two complex structure moduli ^(t 1 ) and S(t 2 ) for the two 
Tf are equal. This is the point, where the angle criterion (|2.29|) for the D7-branes is satis- 
fied and the configuration turns supersymmetric. Moving away from the supersymmetric 
^(t 1 ) = S(t 2 ) locus, the intersection angles do not any longer satisfy ( |2.29|) , supersymme- 
try is broken and an open string tachyon appears. In the effective six-dimensional gauge 
theory this effect is described by a Fayet-Iliopoulos term depending on £ ~ ^(t 1 ) — ^( r2 ) 
||72j| . Note, that in six dimensions the D-term potential for a {7(1) gauge field has the 
general form 



(4.19) 
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where fa and fa denote the two complex scalars insider a hypermultiplet Hi with charge 
qi. Note that independent of the sign of £, if £ 7^ one always gets a tachyonic mode, 
which is in accord with the string theory picture. 

Let us conclude this example with stating that here supersymmetry and tadpole can- 
cellation conditions still allow non-trivial D7-brane intersections with chiral matter. 

4.2.2. AB-orientifold 

In the case of an AB complex structure, the 07-plane wraps around the homological cycle 

= 7Tl3 + ^24 + 7T14 — ^23. (4.20) 

On the exceptional divisors {en, e2i, e^i, e^i, ei4, e24, 634, 644} a acts with a minus sign, 
and the four cycles {ei2, e22, 632, 642} get exchanged with {ei3, e23, 633, 643}. Its action on 
H 2 (K3, Z) is summarized by 

[^Ub=((J ^diag^-i^e^e©^^ "o 1 ),®^- (4 - 21) 

The first two terms stand for the cycles inherited from the torus, the last two for the action 
on the exceptional cycles. Hence, the number of tensor- multiplets is tit = 5, one from the 
torus and four from the blow-up modes, which is in accord with the self-intersection number 
of the orientifold plane, tvqi o tt 07 = 8. 

4.2.3. BB- orientifold 

If one chooses the B type complex structure on both Tf the orientifold plane is wrapping 

7T07 = 7T13 + 7T24 (4.22) 

with self-intersection number 1x07 o tv 07 = 4. On the 2-cycles a acts like 

6 

©(-^©(BL^ "q 1 ) ®(-U). (4.23) 
k=i ^ ' k 

This time, a acts on the four exceptional divisors {en, ei4, €41, e^} with —1, and the six ex- 
ceptional 2-cycles {e 12 , e 4 2, e 2 i, e 24 , e 2 2, e 2 3} get exchanged with {e 13 , e 43 , e 31 , e 34 , e 33 , e 32 }. 
We get nT = 7 tensor multiplets, again one from the torus plus six from the blow-up modes. 



hbb=( ( ; j)©( 
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As an example for a solution to the tadpole constraints, we introduce two stacks of frac- 
tional D7-branes with N± = N 2 = 8, which support a gauge group U(8) 2 . They wrap the 
following 2-cycles 

1 , x 1 , N 
7Ti = - (7Ti 3 ) + - (en + ei2 + e 2 i + e 2 2j , 



1 1 

7Ti = r ( 7r 24) + r ( _e n + e 13 + e3i + e 3 3) , 

1 , X 1 , N 

7i"2 = 2 l^is) - 2 ^ en + 612 + 621 + e22 ^ ' 
^2=2 ^ 24 ' 1 ~~ 2 ^ _en + 613 + 631 + 633 ^ ' 



The relevant intersection numbers 

7Ti O 7Tl = —2, 7T2 O 7T2 = —2, 7Tl O 7T^ = 1, 



7T 2 O 7T 2 = 1, 



7Tl O 7T07 = 1, 7T2 ° 7I"07 = 1, 

yield the chiral massless spectrum 



7Tl O 7T2 = 2, 7Ti O 7T 2 = 



(4.24) 



(4.25) 



Representation 


Multiplicity 


[(Adj,l) + (l,Adj)] (2 , 1) 
[(A, 1) + (1, A) +c.c] (i >2) 
[(8, 8) +c.c] ( i >2 ) 


2 
1 

2 



Table 4: Chiral spectrum 
This agrees completely with the spectrum derived in the orbifold limit J7|. 
4.3. The orbifold limit T 4 /Z 3 

For the orbifold of T 4 /Z 3 we in principle again have to distinguish three inequivalent 
choices of the complex structure of the T , which is now defined by the root lattice of 
SU(3) 2 . In any case only four 2-cycles are inherited from the torus, which can be described 
as orbits under the action of the 2 3 by 

7Tl = 7fl3 + 7fl4 + ^23 - 2 7f 24 , 
7T 2 = 2 7fi4 + 2 7f 23 - 7fl 3 - 7f 2 4, 
7T 3 = 37T12, 
7T 4 = 3 7f 34 . 



(4.26) 
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The intersection matrix for these four 2-cycles can be computed using (|4.2| ) to be 

i3SS=(? I)* (I I)- (4-27) 

The remaining 18 2-cycles result from blowing-up the 9 Ai singularities. For each fixed 
point we get two 2-cycles , e$ with their intersection matrix given by the Cartan 
matrix of A<i- The total intersection matrix is given by 

k=i v ' k 

In the following, we shall be very brief on the model defined by the involution fief applied 
to type IIB on T 4 /Z3, but add an excursion on a related class of models. 

4-3.1. Anti-holomorphic involution a 

For the orbifold T 4 /^3 there again exist two possible choices for the complex structure 
of each Tf leading to three different models. The computation of the homological cy- 
cle of the 07-plane and the action of fief on the basis of i^2(K3, 7L) can be determined 
straightforwardly. We summarize the main data in table 5. 



Complex structure 


7T07 


7T 7 ° 7I~07 


m 


AA 


7Ti 


2 


8 


AB 


71"! + 7T 2 


6 


6 


BB 


37T2 


18 






Table 5: T 4 /2 3 orientifolds 



Using these data one can check that placing the D7-branes on top of the orientifold planes 
leads precisely to the chiral massless spectra obtained in pT| , [5^ ] in the orbifold limit. More 



general models can easily be constructed in great numbers. 

4-3.2. Holomorphic involution a 

On a K3 surface the notion of a special Lagrangian cycle and a complex curve, which 
refer to a particular choice of the Kahler and the holomorphic 2-form, can get exchanged. 
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This is done by a rotation of the complex structure, which is discussed in some more detail 
in section 4.6. This rotation maps the complex conjugation a to 



a:(z 1 ,z 2 )^(z 1 ,-z 2 ), (4.29) 

which now reflects the holomorphic 2-form, not just its imaginary part. In contrast to the 
earlier case, we now have that 

^2|Fix((r) = 0, J|Fix(cr) = <ivol| F ix(<T), (4.30) 

i.e. Fix(cx) is a holomorphic cycle calibrated with respect to J. If we were just considering 
toroidal compactifications, the two descriptions would be strictly equivalent. But the 
definition of the orbifolds via ( |2.22|) itself also implies a choice of a particular complex 
structure. In order to compensate for the action on the zero modes of the RR ground 
state, it is required to include an additional sign (— 1) Fl , the left-moving world sheet 
fermion number operator, with the world sheet parity Q. Then, combining projections by 
Qa(— 1) Fl and leads to inequivalent results, as compared to Via and O. In fact, the 
group generated by {tta(— l) Fi , 0} is the precise T-dual of {O, ©}, after T-dualities along 
the two circles parameterized by z 2 . On the contrary, the T-dualities along the imaginary 
parts of zx, z 2 take {Oa, 0} to {0,0}, where O is an asymmetric operation that treats 



left- and right-moving world-sheet fields with opposite phase factors |[73| . Due to these 
relations, we can expect, that the models defined by a reproduce the known orientifold 
vacua of type I string theory pCfl . To demonstrate this fact, we include the case of the 
T 4 /^3 orientifold with Via projection here. For the even simpler case of T 4 /Z 2 , the two 
types of models are still completely equivalent and the definition of O does not distinguish 
a and a. 

An important ingredient in the CFT construction of orbifold vacua of type I is the 
action of O on twisted sectors. A field twisted by O fc is mapped to one twisted by Q N ~ k 
via Q. In contrast to the Oa models, one then also gets twisted sector tadpoles. This 
means, that, after blowing up the orbifold singularities, the orientifold planes also wrap 
exceptional divisors. We propose that the action on the exceptional 2-cycles is then given 
by 

[a] : e\ j) ^ -e\ N ~ j) for j E {1, . . . , N - 1}. (4.31) 
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Figure 4 



Thus, Via reflects the Dynkin diagram, as depicted in figure 4. 

In other words, Via exchanges the two blow-up modes e\j\ of the two CP 1 which 
are glued into any of the nine A 2 singularities at the fixed points of the Z 3 . Taking also the 
action of Via on the four toroidal 2-cycles into account, which leaves one tensor multiplet, 
we deduce that we get ut = 10 tensor multiplets in the closed string sector. At the four 
fixed points of a we get an 07-plane, which under the action of Z 3 gives rise to one bulk 
07-plane and one fractional 07-plane. The total homological cycle is given by 



1 1 



,(!) JL J 2 ) 



-11 



+ e\{ + eW + e 



(i) 



21 



3 ( 2 ) i 



(2) 



--21 



+ e 31 + e 31 



(4.32) 



Note, that the fractional 07-plane is indeed invariant under Via. The self-intersection 
number of this 07-plane can be computed to be wo7 ° ^07 = — 2, which is consistent with 
having % = 10. One can cancel the RR-tadpoles by introducing 8 bulk D7-branes and 8 
fractional D7-branes. Splitting the bulk branes into 3 fractional branes we get three kinds 
of D 7- branes 



Ni = 16 



No = 8 



N 2 = 8 



712 = r i2 ~ 7! 



'11 



'11 



~~\~ G-^-^ ~~\~ ~~\~ 6 



(1) 



,(1 



21 



'21 



+ e (1) + e (2) 
-r e 31 -r e 31 



+ e 21 + e 



,( 2 ) jl „(2) 



-11 



+ + e 



(i) 

31 

(2)' 
31 



(4.33) 



Here, 7Ti is Qa-invariant, whereas ix 2 and 7r 2 are mapped upon each other. The gauge 
group on an invariant fractional brane is given by SO(N), while a fractional brane that 
belongs to an orbit of length 3 still carries a U (N) gauge group. Together, the gauge group 
is SO (16) x £7(8). From the intersection numbers 



7Tj O 7Tj = —2, 7T 2 O TV Q7 = 1, 7T 2 O Tt' 2 = 1, 7Ti O 7T 2 = 1 



(4.34) 



we deduce the chiral massless spectrum by using table 1, 
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Representation 


Multiplicity 


[(Adj,l) + (l,Adj)] (2)1) 


2 


[(l,A)+c.c.] (1>2) 


1 


[(16,8)+c.c.] (1)2) 


1 



Table 6: Z3 orientifolds 



which agrees completely with the massless spectrum derived in [[50] for the 7Lj, orientifold of 
type I string theory. We consider this as a very neat confirmation that the formula for the 
chiral massless spectrum is absolutely general and is expected to cover all six-dimensional 
orientifolds computed in the literature. 

4-4- The orbifold limit T 4 /Z 4 

For the orientifold T 4 /Z 4 we can again use the lattice defined by SU(2) 4 . The result- 
ing K3 manifold inherits the following four 2-cycles from the torus 

7Ti = 2 7fi3 - 2 7f 2 4, 
7T 2 = 2 7f 14 + 27f 23 , 

(4.35) 

7T3 = 4 7Ti 2 , 
7T 4 = 47f 34 , 

which have the intersection matrix 

s)«C !)■ (4 - 36) 

Moreover, one has four A3 singularities {en, ei 4 , e 4 i, e 44 } and six Ai singularities, so that 
the complete intersection matrix is 



/ TVz 4 = ©( 1-21] ©0(-2),©i?^. (4.37) 




In principle, we would have to distinguish the three choices of complex structure for the 
T 4 as before. But one can observe that the two models AA and BB are equivalent, as 
they give rise to the same orientifold plane. We summarize the main data for the two 
inequivalent orientifolds in table 7. 
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Complex structure 


7T07 


7T07 ° 7T07 


m 


AA or BB 


3 7Ti 


18 





AB 


2(7Ti + 7T 2 ) 


16 


l 



Table 7: T 4 /Z 4 orientifolds 



The result for the AB model agrees with the result obtained by an explicit CFT com- 
putation in However, for the AA and BB model it was argued in pll] that the 
corresponding cross-cap state was not well defined 2 . 

4-5. The orbifold limit T 4 /Z 6 

The torus defined by the lattice of SU(3) 2 does allow the action of a TL§ symmetry 
group. The orbifold inherits the following four 2-cycles from the T 4 

TTl = 2yfi3 + 2 7f 23 + 27fi4 - 4 7f 24 , 
7T 2 = 47fl4 + 4 7f 23 - 2 7f 13 - 2 7f 24 , 
7T 3 = 67fi 2 , 
7T 4 = 67f 34 . 

They have an intersection matrix 



(4.38) 



t Torus 

'T4/Z6 









6 ) 


i 


5 < 




j 



(4.39) 



Further, G has just one fixed point, an A$ singularity {en}, G 2 has four fixed points, A 2 
singularities, and G 3 five A\ singularities. Together, the intersection matrix reads 



I T 4j 



(-2 1 

1 -2 

1 



V o o 



^ 
10 
-2 10 
1-2 1 
1-2/ 



e 

k=i 



-2 
1 



0(-2),©I^ 6 . (4.40) 



2 That argument stated that the relative normalization of the cross-cap states \Q,cfQ k ) must be 
fixed in such a way that in the overall tree-channel Klein-bottle amplitude only states invariant 
under G propagate. In view of the results in this section, we think this condition was a too strong 
requirement. Note, that the closed string exchange between two individual orientifold planes 
is simply given by the overlap (nae k \e~ lHcl \Qae l ), so that imposing conditions on the overall 
tree-channel Klein-bottle amplitude has no physical meaning. 



32 



Again, the two models A A and BB are equivalent. We then summarize the data for the 
two inequivalent orientifolds in table 8. 



Complex structure 


7T07 


7T07 ° 7T07 


m 


AA or BB 


2tti 


16 


l 


AB 


7Tl + 7T2 


12 


3 



Table 8: T 4 /Z 6 orientifolds 



4-6. The quartic 

In this section we examine the most simple example of a K3 surface defined as a 
hypersurface in a projective space, the quartic polynomial in CP 3 . While we only discuss 
three special cases, these still turn out to give us rather exotic models very different from 
the orbifolds above. 

The quartic is defined by an arbitrary polynomial in the four homogeneous coordinates 
[zq : z\ : Z2 ■ Z3] that parameterize CP 3 , i.e. 

3 

2j dijki ZiZjZkZi = 0. (4.41) 

i,j,k,l=0 

The 35 = 4 • 5 ■ 6 ■ 7/(2 • 3 ■ 4) parameters a^ki modulo the 16 = 4 2 parameters of GL(4,C) 
parameterize a nineteen-dimensional family of algebraic K3 surfaces. As long as all coef- 
ficients ciijki are chosen real, the conjugation on the four Zi is a symmetry, i.e. projecting 
by Qa removes one half the moduli. The most simple case arises when there are no real 
solutions to ( ^.41j ). This is precisely the case when only quartic or quadratic terms have 
non-vanishing and positive coefficients 

£ ( a, zf + zf b U z j ) = °> G *' b iJ ^ °> ( 4 - 42 ) 

which, for bij = 0, includes the Fermat quartic. Here Fix(o r ) is empty and thus txq 7 = 0, 
so that 77-t = 9 tensor multiplets are required by the anomaly cancellation. Therefore 
among the 22 two-cycles we expect 10 cycles to be invariant under a and 12 cycles to be 
anti-invariant. Such a model was inaccessible in orbifold vacua, where the orbit of the 
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real section on the torus always descends to an invariant locus under a. In fact there is a 
natural candidate for an orbifold model of type I strings which can produce models without 
orientifold planes. In order to achieve this, one combines the operation O with a freely 
acting shift. Its insertion in the Klein bottle does not produce massless tadpoles which 
would signal background charges of orientifold planes. In |)(||67j such an orientifold model 
was constructed, inspired by the existence of an F-theory compactification [73| believed to 
be dual to a type I vacuum without orientifold planes. 

A slight modification of the above case leads to another model given by flipping the 
sign of any one of the coefficients, say ao = —1. For simplicity, we also set bij = 
and scale = 1, i > in Q4.42Q . By going to complex ao in between, this deformation 
is continuous, but passing through a region in the moduli space where a is no symmetry 
anymore. Defining Xi = dt(zi), the hypersurface intersects the real section in a sphere, 
parameterized by 

-x% + xf + x% + xj = 0, [x : xx : x 2 : x 3 ] G MP 3 . (4.43) 

For xq = there is no solution, so we can rescale the homogeneous coordinates to xo = 1: 

xf + xj + xj = l, (xi,x 2 ,x 3 ) G R 3 . (4.44) 

Topologically Fix (a) is thus given by a single calibrated 2-sphere. By the hyperkahler 
property of K3, this is a holomorphic CP 1 in another complex structure, which is deter- 
mined to have self-intersection 7ro7°7rc>7 = — 2. This would require nx = 10 in accord with 
^((DP 1 ) = 2. Thus in this model the 07-plane is wrapping a single exceptional 2-cycle, 
which looks rather strange from the point of view of the orbifold models studied earlier. 
The 22 two-cycles must arrange themselves into 11 a invariant ones and the same number 
of anti-invariant ones. 

Finally, consider the following quartic 

-z\ -4 + 4 + 4 = 0- (4.45) 



Here the real subspace Fix (a) is a special Lagrangian two-torus, as was remarked in ||75|| . 
As such it has vanishing self-intersection. So there are = 9 tensor multiplets as in the 
first case with empty Fix(a). But of course now there are orientifold planes and D-branes, 
making the physics much more interesting. 
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4-7. Lift to F-theory on Calabi-Yau 3-folds 

In this section we will analyze the perspectives to lift the type IIB compactifications 
on K3 modded out by fio 7 to F-theory |f76"|77,74"||. In particular we want to make contact to 



earlier works on the analogous lift of the T /~%-2 orientifold to an F-theory compactification 
on an elliptically fibered Calabi-Yau 3-fold. In certain prominent cases it can be of the 
Voisin-Borcea type. In general, the lift implies a geometric interpretation of the ten- 
dimensional complexified string coupling A as the complex structure of a complex torus 
fibered over the compactification space of type IIB. The degeneration locus of the fiber is 
then given by the locations of D7-branes and 07-planes. This implies that they wrap on 
complex cycles of the K3, cycles calibrated with respect to the Kahler structure J. As long 
as the RR charges carried by these objects are confined to very small regions on the internal 
space and at least approximately cancel out locally, the string coupling may be assumed 
to be constant and small outside this region. Therefore, the perturbative analysis in the 
CFT orbifold may be compared to the geometric picture. This local charge cancellation 
can no longer be achieved in general when the D7-branes and 07-planes wrap on different 
cycles of the K3. 

4.7.1. The Weierstrafi model on CP 1 x CP 1 

In |fl| Ashoke Sen gave a description of a Weierstrafi model of the elliptic fibration 
on the base space CP 1 x CP 1 , which makes up a Calabi-Yau 3-fold with Hodge numbers 
(M 1 ' 1 ), /j/ 2 ' 1 )) = (3,243). The model is believed to be dual to the standard orientifold 
compactification of type IIB on T 4 /Z2 with local charge cancellation. It was first con- 
sidered in and subsequently discussed in []48| , and was subject of section 4.1. In 



the original formulation the group generator reflects all four coordinates of the K3, 
G : Xi 1— > — Xi, i = 1, ... ,4, and the orientifold group is generated by Q and O. The tad- 
pole cancellation conditions imply the presence of 32 D9- and 32 D5-branes to cancel the 
background charges of the 09-planes and the 05-planes localized at the 16 fixed points of 
O. The maximal gauge group is given by (16) x £7(16). This formulation is not quite 
adapted to an interpretation within the framework of F-theory, and one first needs to apply 
T-dualities along two of the circles of the T 4 , say along x\ and £3. This maps 

o ne 13 (-i) FL , e^e, (4.46) 
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where ©jj now only reflects Xj and &j and i 7 /, is the left-moving world sheet fermion number 
operator. The resulting group is generated by fi©i3(— 1) Fl and f2@24(— l) Fi . The former 
D9- and D5-branes, as well as the O-planes, map to intersecting D7-branes and 07-planes 
located in the fixed loci of ©13 and ©24. 

It is quite evident how this is related to type IIB compactifications on K3 modded 
out by Qa. The key ingredient is the hyperkahler nature of K3 which allows to rotate its 
complex structure such that holomorphic and special Lagrangian 2-cycles get exchanged. 
For simplicity, let us choose a purely imaginary complex structure r = i for the original 
coordinates Zi of ( |2.21[ ) , on which a acts by complex conjugation. If we then rotate into 

z[=x 1 - ix 2l z' 2 =y 1 + iy 2 , (4.47) 



and define the new holomorphic 2-form fi 2 an d the new Kahler form J' as in 
the fixed locus of a, the location of the 07-planes, becomes a holomorphic cycle {z' 2 = 
0, 1/2, i/2, 1/2 + i/2}, as well as the fixed locus {z[ = 0, 1/2, i/2, 1/2 + i/2} of Qa. There- 
fore, if we were only considering D7-branes parallel to the 07-planes at z[ or z 2 given 
above, we would have just recovered the T-dual version of the standard 7L 2 orientifold 
by identifying z[ = x\ + ix% and z' 2 = x 2 + ix^. The deformation we are going to intro- 
duce consists in allowing the D7-branes wrap more general cycles in the K3. The former 
sLag cycles, defined by ( |2.29| ), i.e. ip\ = (p 2 = <p, become holomorphic cycles given by 
z[ = ta,n((p)z' 2 + c in the new complex structure. Any single such brane always comes with 
its image under a at the opposite relative angle —(p. As we will see, wrapping brane on 
invariant cycles, symbolically + iv-^, does have a nice lift to F-theory. 

We cannot redo the entire analysis of W% but need to collect a number of definitions 



and notations and the important results. It was found that the orbifold was most directly 
identified with the appropriate F-theory model after breaking the gauge symmetry down to 
an SU(2) 8 x SU(2) 8 subgroup via turning on Higgs scalars. We have shown in section 4.1 
that this precisely matches the situation where all the RR charges can be canceled locally. 
Geometrically speaking this amounts to placing D7-branes pairwise on top of each other, 
which are further identified under one of the with another pair. The holomorphic string 
coupling constant X(u,v) = a + ie~^ enters the model as the argument of the modular 
invariant j-function 

^«)) = 4?TW (4 ' 48) 
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which defines the Weierstrafi model 

y 2 = x 3 + f(u,v)x + g(u, v) (4.49) 

of the elliptic fiber. The functions f(u, v) and g(u, v), are polynomials of degree (8, 8) and 
(12, 12). The vanishing locus of the denominator A = 4/ 3 + 27g 2 defines the region on the 
base, where the D7-branes and 07-planes are located. It is required that j — > oo nearly 
everywhere, in order to have small string coupling. The coordinates u, v parameterize the 
base space CP 1 x CP 1 . Further, u m , v m were used to denote the location of the 07-planes 
and Ui,Vi that of the D7-branes of the original model of [[71]. There the D7-brane were 
only wrapping either one of the two cycles tiq = [Fix (a)] and 7:$ = [Fix(Oa)], where the 
indices are referring to the D5- and D9-brane charges of the original type I model. Then, 
the expected form of the discriminant for a configuration with the given gauge group is 

8 

A = P(8,8)]J(u-u i ) 2 (v-v i ) 2 (4.50) 
i=i 

with eight distinct A\ singularities and an undetermined polynomial of bi-degree (8,8). A 
solution to this problem in terms of f(u, v) and g(u, v) could actually be found. It is given 
by 

8 

P(8,8) = 4C 3 l[(u - Ui )(v - v t ) - 9C 2 h(u, v) 2 , (4.51) 
i=l 

with h again defined by 

4 

h(u, v) = ] [ ('/ - u m )(v - v m ) (4-52) 

m=l 

and C a constant. This leads to 

j(X(u,v)) ~ A" 1 JJ(« - Ui)(v - Vi) - 3/i(u, w) 2 j . (4.53) 

By scaling C —>■ one can reach the small coupling region of type IIB string theory. 
The degrees of the constituents in A actually have a very intuitive interpretation: The 
polynomial P(g $) encodes the location of the 4 + 4 07-planes, each split off into two A\ 
singularities around its classical locus h(u,v) = 0. This splitting of O-planes into multiple 
singularities is due to the work of |78|,[79]], an application of the Seiberg-Witten curve. On 
the other hand, the remaining polynomial of bi-degree (16, 16) encodes the location of 
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16 + 16 D7-branes. The relative factor of 4 between the multiplicities is made up for by 
the relative normalization of the charges of 07-planes, Q-j = —8, and pairs of D7-branes. 
In this sense, the degree of the polynomials directly relates to the charges. 

Let us see, how the model should be modified in order to incorporate D7-branes wrap- 
ping more general holomorphic cycles. In analogy to the above, we put two branes on top 
of each other in each stack and wrap them over cycles of the form 7r a = r a ng + s a n^,. Since 
these cycles lie on top of the orientifold planes, supersymmetry is generically preserved and 
the total space will be Calabi-Yau. The location of the 07-planes is unaffected anyway. 
Thus, not only h(u, v) should remain unchanged but the structure of P(s,8) as well. For a 
general D7 a -brane wrapped on a cycle ir a = r a ivg + s a 7r 5 we now expect a factor q( ra ,s a ) m 
A of degree (r a , s a ). The tadpole cancellation condition ( |2.14j ), translated into 

^(2r ,2a ) = (16,16), (4.54) 

a 

then insures, that A will be of the proper degree (24, 24) again, 

A = n 8 ,8)IR^)- ( 455 ) 

a 

The solution for j(X(u,v)) in terms of appropriate / and g is now be given completely 
analogously by just replacing the factors for the D7-branes in ( f4.53| ). Thus, we can obtain 
a small coupling region by scaling C — » as before, the vanishing locus of A referring to 
potentially smaller number of branes which intersect in some pattern. 



As a check, we can perform a similar analysis as was done in ||71|1 . Two stacks of D7- 
branes labeled by a, b will intersect ir a ° 7T6 = r a s b + r b s a times on the torus. Upon turning 
on a scalar Higgs fields in the (2 a , 2 b ) representation at all of these intersections the gauge 
group is broken from SU(2) 2 to the diagonal SU(2). At each intersection one neutral 
hypermultiplet survives as a modulus from the 2 <g> 2 = 1 © 3 decomposition. In the F- 
theory interpretation this would be described by replacing q , (r- a ,s )9(r () ,s ! ,) ~" > Q(r a +r b ,s a +s b )- 
Counting of the free coefficients in the three polynomials, up to an overall rescaling, before 
and after the symmetry breaking gives 

((r a + n + l)(s a + s b + 1) - 1) - ((r a + l)( So + 1) - 1 + (r b + l)(s b + 1) - 1) = n a o n b , 

(4.56) 



38 



the expected result. In order to get a geometric intuition it is instructive to look at the 
most simple example r a = s a = = 1, s& = 0. In this case we have 



9(1,1)9(1,0) ~ ( uv + a i v + a 2U + a s )(u + bx) = (v + a(u))(u + a\){u + bi) = 0. (4.57) 

This describes two stacks of D7-branes, the intersection point given by (v = — a(— &i), u = 
—bi). This intersection locus is being resolved by adding the new parameter, 

9(2,i) ~ (v + a(u))(u + oi)(u + h) + ci = 0. (4.58) 

In a very similar fashion the location of the orientifold planes gets smoothed out by turning 
on parameters in h(u, v) = 0, i.e. deforming like 

(u - u m )(v - v m ) = -> (u-u m )(v-v m ) + a 1 = 0. (4.59) 

It is interesting to note that this geometric realization in F-theory suggests that the D7- 
branes are qualitatively unaffected by the resolution of the orientifold singularities, and 
vice versa the 07-planes by the resolution of intersections. This provides confidence to 
trust the perturbative CFT analysis at the orbifold point also after slightly deforming 
away from it. 

4-7.2. F-theory on Voisin-Borcea Calabi-Yau 3- folds 

The class of Voisin-Borcea Calabi-Yau 3-folds [S0| , 81]] provides F-theory backgrounds, 



for which the spectrum and gauge group of the low energy theory have been computed 
explicitly ||74|| . Furthermore, these models have partly been interpreted as type I vacua 



|6^,^] . In principle, they can be generalized orientifold vacua, where the coupling constant 
may vary on the internal space according to the elliptic fibration. In this section we point 
out that all the Voisin-Borcea 3-folds satisfy the topological tadpole relation (|3.5[) . 



The most essential informations we are going to need have been given in [74], which 
we refer to for the proper definitions and more details. In general, Voisin-Borcea 3-folds 
are defined by taking a quotient Ai 6 = (K3 x T 2 )/a. Here, a reflects the holomorphic 
2-form of K3 and acts reflection on T , 

a : (n 2 ,dz) ^ (-n 2 ,-dz), (4.60) 

z a coordinate on T 2 . If this action has fixed points, they need to be resolved in order 
to arrive at a smooth manifold with 577(3) holonomy. This manifold is then elliptically 
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fibered over B — K3/cx. All these spaces are classified in terms of involutions of K3 surfaces 
8^| , and are usually denoted by three integers (r, a, 5). After the hyperkahler rotation of 



the complex structure a becomes a complex conjugation on the K3, which makes this set 
of models accessible to our methods. In order to check (|3.5|) we then need the number 
of tensor multiplets in the effective six-dimensional theory and the self-intersection of the 
fixed locus of a. According to |73], we first have tj-t = h^ x,1 \B) — 1. 



Let us for the moment restrict to all cases with (r, a, 5) ^ (10,10,0) or (10,8,0). 
Excluding the two pathological choices, the fixed locus Fix(cr) C B consists of a curve of 
genus g = (22 — r — a)/2 and k = (r — a)/2 rational curves. Using ( |3.7| ), we can now easily 
compute the self-intersection of ito7 = [Fi x ( (T )] 5 

7r 07 o 7r 07 = -x(Fix(a)) = 2g-2-2k = 2(10 - r). (4.61) 

This is related to c\(B) = 10— r, which via c\{B)+c 2 {B) = 12 allows to deduce hS x,x \B) =r 
and, thus, r = m + 1. Hence, all the cases considered satisfy the anomaly cancellation 
condition derived from the chiral fermion spectrum of table 1. Although it was explicitly 
checked that they are free of irreducible gravitational anomalies, it is still not automatic 
that table 1 applies. In principle, it is not even clear, if all the F-theory compactifications 
on Voisin-Borcea 3-folds have an interpretation cLS ct SIX - dimensional orientifold. And if 
so, the F-theory description may involve non-perturbative degrees of freedom, which are 
beyond any CFT description. In this sense the above analysis can be interpreted as a 
confirmation that the chiral spectrum of table 1 is indeed valid throughout the moduli 
space. 

The remaining two cases (r, a, 5) = (10,10,0) and (10,8,0) have been argued to be 
related to certain orbifolds T G /~2-2 x Z2. For the first choice of (r, a, 5), a is freely acting. 
Hence, the two generators 0i and 02 need to be reflections, defined by v 1 = (1/2, —1/2, 0) 
and vi = (0, 1/2, —1/2), combined with shifts of order 2 along z 3 and z\ respectively. Then, 
Fix(cr) is empty and ut = 21 — nn = 9. This model has the same spectrum as the Fermat 
quartic equipped with the involution a, which was shown to be free as well in section 4.6. 

For the second case, only one of the two generators is combined with a shift, the other 
one given by the reflection. It has 16 fixed T 2 , which are identified pairwise by the free 
generator. Due to b\ (T 2 ) = 2, each contributes two scalars which form a hypermultiplet 
together with their axionic partners. The singularities corresponding to the fixed tori are 
of type Ai, leading to a gauge group U(l) 8 . Finally, all the tori are parallel, such that 
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7T 7 ° 7i"07 = 0, consistent with = 9, tt-h = 12 + 8 = 20. Still, this model requires 
D7-branes to cancel the RR charge of the 16 07-planes. To summarize, all the F-theory 
vacua on Voisin-Borcea Calabi-Yau 3-fold can consistently be described as generalized 
six-dimensional orientifolds with intersecting D7-branes, according to the proposed chiral 
spectrum of table 1. 

5. Intersecting Brane Worlds in Four Dimensions 

In this section we generalize the results from the previous section to intersecting brane 
worlds on orientifolds of Calabi-Yau 3-folds. 

5.1. Super symmetric type II compactifications with D-branes 

The starting point is the type IIA superstring compactified on a Calabi-Yau space 
A4 6 . The non-trivial Hodge numbers of A4 6 are denoted by h^ 1,1 ' and h^ 2,1 '. As it is well 
known, the closed string sector in four dimensions is built by M = 2 supergravity coupled 
to h^- 1,1 ' vector multiplets with gauge group U(l) h ' +1 . The bosonic de grees of freedom 
of the vector multiplets are given by the M 1 ' 1 ' complex Kahler fields T fc , containing the 
Kahler deformations of the internal metric gij plus the internal antisymmetric NSNS fields 
bij, as well as by h^- 1 ' 1 ' RR vector fields from the 3-form potential C^ij. Second, there 
arise h^ 2 ^ + 1 neutral hypermultiplets. More specifically, Z?/ 2 ' 1 ) hypermultiplets are built 
from /i^ 2 ' 1 ) complex structure moduli fields U l of plus /i^ 2 ' 1 ) further complex scalar 
fields from the RR 3-form potential C^-fc. The universal hypermultiplet consists out of the 
dilaton 0, the b^ v 2-form plus two RR scalars from Cijk- 

One important issue about matter coupled to (ungauged) Af = 2 supergravity is that 
the moduli space is a product space of the form 

A^Moduii = -M v [/i (M) ] ® Mn[h {2 ' 1] + 1] . (5.1) 
Due to the special Kahler property, the Kahler potential of A4y can be expressed as 

/C(T,T) = -\og(^Y K (T)G K (T)-iY K {T)G K {T)^ , (5.2) 

where the Y K (K = 0, . . . , h^- 1 ' 1 ') are homogeneous coordinates of My and, at least in 
a certain symplectic basis, the Gk are the first derivatives of a holomorphic prepotential 
G(Y), i.e. Gk = OkG{Y). In the so-called special gauge the Kahler moduli of M 6 can 
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be simply denned as T k = Y k /Y° (k = 1, . . . , h^ 1 ' 1 '). The holomorphic prepotential is 
determined by the classical geometry of the Calabi-Yau space Ai 6 , namely by the cubic 
intersection numbers Cklm, in addition to all world-sheet, rational (closed string) in- 
stantons. However, there are no perturbative string corrections to Aty, since the dilaton 
belongs to a hypermultiplet. 

The couplings and self-interactions of the h^ 2 ' 1 ' + 1 hypermultiplets are determined by 
the quaternionic space Ain of (real) dimension Ah^ 2 ' 1 ^ + 4. In general its structure is very 
hard to determine, as Aiu receives string loop corrections (but there are no contributions 
due to world sheet instantons). However, at least classically, Ain contains a special Kahler 
manifold Ain of complex dimension h^ 2 ' 1 ^ as a subspace, as it can be seen from the so-called 
c-map (time-like T-duality to IIB on the same Calabi-Yau space Ai 6 ). This space Ain is 
parameterized by the complex structure mo duli fields U l (i = 1, . . . , h^ 2 ^) of M 6 . Being 
special Kahler, the same formalism as above applies for Ain, i.e. there exist a holomorphic 
prepotential F(X) with corresponding Kahler potential 

K(U,U) = -logliX'WFjW-iX^UWU)) , (5.3) 



with homogeneous fields X 1 (I = 0, ...,/ i ( 2 ' 1 )) and first derivatives Fj = djF{X). As 
before, in the special Kahler gauge the complex structure moduli are given as U l = X l /X°. 
It is useful to define an integral basis for Hs(A4 6 , 2), given by (a 7 , (3j) (J, J = 0, ... , h^ 2 ' 1 ^) 
with the property a 1 o a J = (3i o (3j = and a 1 o (3j = Sj. Sometimes the a 1 are called 
electric cycles, and the /3j are called dual magnetic cycles, however this is clearly a basis 
dependent statement. Using the holomorphic 3- form O3, one can define the period integrals 

X 1 = [ 3 , Fj= [ 3 (5.4) 

J a 1 JPi 

and similarly the normalized periods 

X 1 = [ 3 , Fi= [ O3. (5.5) 



In fact, the periods Q5.4f) just correspond to the homogeneous coordinates and the deriva- 
tives of the prepotential of the special Kahler geometry introduced before. One can expand 
every homology 3-cycle n a in terms of the basis cycles a 1 and f3j, 



n a = e^a 1 + m J a (3j , (5.6) 
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where the e", m J a are integer expansion coefficients. 

If we would just consider intersecting D6-branes on the Calabi-Yau manifold, this 
information would be enough to compute for instance the massless spectrum of chiral 
fermions. Such models do have M = 2 supersymmetry in the bulk and the open string 
sector does always break supersymmetry completely, which can be seen from the fact that 
D6-branes always have positive tension which cannot be canceled. If we are interested in 
models which can preserve an M = 1 supersymmetry both in the closed and the open 
string sector, we have to take an orientifold of the Calabi-Yau where now the world-sheet 
parity transformation is combined with an anti-holomorphic involution a. Note, that 
combining fi with a holomorphic involution is not a symmetry of the type IIA string. In 
fact, fief breaks the bulk supersymmetry in the closed string sector from M — 2 to M = 1. 
This implies that all bulk Af = 2 superfields are truncated to Af = 1 superfields by the 
fief projection. As discussed in section 2.2. there will be ft/ 2 ' 1 ) complex moduli Ui, each 
consisting out of a real complex structure modulus and a linear combination of RR scalars, 
plus ft/ 1 ' 1 ) — a complexified Kahler moduli Tjt, where a is the number of the Kahler fields 
not invariant under fief. In addition there will be in general si (I = 1, . . . , b) open string 
moduli describing the positions of the D-branes. Due to the presence of these fields we do 
not expect that the total, (ft/ 1 ' 1 ) + ft/ 2,1 ) + b — a) -dimensional moduli space has a direct 
product structure. 

The 06-planes are located at the fixed point set of the anti-holomorphic involution, 
a sLag 3-cycle in the Calabi-Yau manifold. The tadpoles induced by the 06-plane can be 
canceled by the D6-branes and the positive and negative tensions can potentially compen- 
sate each other. In the case that all D6-branes wrap sLag cycles calibrated with respect 
to the same 3-form as the orientifold plane is, i.e. 3?(fi3), the background preserves Af = 1 
supersymmetry. It has been established that for such branes on sLag cycles, so-called A- 
type branes, the F- and D-terms in the effective action receive the following contributions 



31|,|35]]: The F-terms, i.e. the superpotential, only depends on the Kahler moduli, getting 
contributions only from disc and MP 2 instantons. The D-terms, including the Fayet- 
Iliopoulos term, only depends on the complex structure moduli. In section 2 we have 
determined the disc level scalar potential and have seen explicitly that it only depends on 
the complex structure moduli. Therefore, it is clear, that in the effective theory this term 
appears as a Fayet-Iliopoulos term. D-flatness then imposes conditions on some of the 
complex structure moduli, freezing them dynamically. Under small changes of the Kahler 
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moduli the D-term clearly still vanishes, but the F-term may not, as it gets contributions 
from disc and HP 2 instantons. We will come back to this point later. 

If such type IIA vacua with configurations of D6-branes and 06-planes do preserve 
TV = 1 supersymmetry, one expects that there exists a lift of the type IIA model to 
M-theory on a singular seven-dimensional compact G2 manifold |8^ , ^4| , p^JT^1 . In fact 
not very much is known about the explicit construction of such manifolds, but one can 
consider the construction of supersymmetric intersecting brane world models of D6-branes 
and 06-planes as an implicit way of determining the expected properties of such singular 
manifolds. 

5. 2. Chiral fermion spectrum 

In order to compute intersection numbers involving the 06-planes it is necessary that 
we choose generators (not necessarily a basis) for H^(Ai 6 , 2), which allows us to determine 
both the homology class ttq>q of the orientifold plane and the action of fief on this basis. 
As in the K3 case, blown-up orbifold models do naturally give rise to such a basis by 
combining the inherited toroidal and the exceptional cycles. The intersection matrix for 
the 3-cycles is anti-symmetric, so that all self-intersection numbers vanish. Since Qq = —4, 
the RR-tadpole cancellation condition ( |2.14j ) reads 

£jV (7r a + O=47r 6- ^' 7) 

a 

The gauge group in the generic case, when no D6-brane is invariant under fief, is again 
given by (|2.15|) . The spectrum of left-handed massless chiral fermions is shown in table 9. 



It is again motivated by computations at the orbifold limit and at large volume, as well 
as by the general consideration on the topological nature of the zero-modes of the Dirac 
operator. 



Representation 


Multiplicity 


[A a ]l 


\ (K ° n a + 7T06 TTa) 


[Sa]L 


\ {K °K a - 7T06 TTa) 


[(N a ,N b )] L 


7T a O TT b 


[(N a ,N b )] L 


<OTT6 



Table 9: Chiral spectrum in d = 4 
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We therefore claim, that table 9 holds for every smooth six-dimensional background space 



including Calabi-Yau manifolds and the six-dimensional torus |73j . Note that in contrast to 
the six-dimensional case, there are no chiral fields in the adjoint representation of U(N a ), as 
the self-intersection numbers vanish. Computing the non-abelian gauge anomaly SU(N a ) 3 
one finds 

^non-abelian ~ 7T a O 7T a = 0. (5.8) 

Thus, there is no independent check of the construction by testing the resulting spectra 
for anomalies. 

In order to avoid confusion we would like to add the following comment. As for 
instance pointed out in due to the generation of an Af = 1 superpotential, it is not 



clear whether D-branes can be followed smoothly from the large radius regime to regions 
deep in the interior of the Kahler moduli space. In view of this, we are surely not stating 
that the spectrum is invariant all over the moduli space. If we go to a point in moduli 
space where an exact conformal field theory description is available, one can compute the 



overlap of the corresponding boundary states respectively cross-cap states [p5| , |31[| and use 
them to define a stringy version of the intersection form. On the other hand, in the large 
volume regime the methods of classical geometry are available. When passing from one 
regime to another, the formerly stable configurations may decay into new ones and the 
spectrum and gauge group changes. But the important point is, whenever the setting is 
describable by a selection of D-branes on cycles of middle dimension and with flat gauge 
bundle, table 9 may apply. 

5. 3. Background 3-form flux 

To close this section we comment on the possibility to turn on background fluxes 3 , as 
well. Due to the couplings 

/ # 3 NS A G 6 _ 2n A C 2n+ i (5-9) 

J]R 1 ' 3 x7Vl 6 

in the ten-dimensional type IIA string theory, there can exist one more source for the RR 
7-form gauge field, 

G H$ S AC 7 . (5.10) 
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3 Type II models with different sources of RR flux in four dimensions have been discussed e.g. 

Sill- 
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Here, is the NSNS 3-form and Go the RR 0-form field strength, which can be consid- 
ered as a cosmological constant. This coupling induces the term 



Go[# 3 NS ] (5-11) 

on the left hand side of the RR-tadpole cancellation condition (|5.71) , where [i?!^] denotes 
the Poincare dual 3-cycle of the cohomology class of H^ s . Thus, by turning on a non- 
vanishing NSNS 3-form flux, more general configurations of intersecting D6-branes can 
satisfy the RR-tadpole cancellation conditions. Anomaly cancellation in such settings has 
been discussed in [p8| , and the possibility that such couplings allow a new solution of the 



strong CP problem has been pointed out in ||27|1 . An important result of the analysis of 
the anomaly inflow into the brane world volume, which is generated by (|5.9|) , concerns the 
chiral matter. In fact, the anomaly cancellation in the presence of such background fluxes 
appears to work out without adding extra contribution from chiral fermions on the world 
volume of the D6-branes. Therefore, the spectrum of table 9 may be assumed to cover 
these cases just as well. 

However turning on ^ H^ s E H 3 (X, 1R) will change the theory drastically if one 
goes away from the large volume limit where the supergravity description is valid. The 
NSNS .B-field should then be thought of as a connection on a non-trivial gerbe, and this will 
modify the K-theory groups that classify the charges. Especially if the characteristic class 
of this gerbe is not torsion then there is no Chern isomorphism with ordinary (co)homology 
any more. This means that the homology class of a brane configuration is no longer an 



invariant, as was first discovered in the context of WZW models in [|102|1. This can be 



understood as D-brane instantons | 1U3 ], where the instanton background violates the usual 



conservation of the D-brane homology class. 



6. The Green-Schwarz mechanism 

We have seen that the non-abelian gauge anomalies of all SU(N a ) factors in the gauge 
group vanish, given the chiral spectrum of table 9. On the other hand, the mixed anomalies, 
denoted U(l) a — SU(Nb) 2 , naively do not and a generalized Green-Schwarz mechanism has 
to be invoked. Computing the U(l) a — SU(Nb) 2 anomaly in the effective four-dimensional 
gauge theory for a ^ b one finds 

A$ = ^ ("ITa + < W (6.1) 
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For a = b one gets 



^ao = (~~V~) 2 ° + ("Yj 2 ° To - O 7T a ) - i iV a 7T a O (tT & + 7r£) , 

b ^ (6-2) 

where we have used the fact that the U(l) charge of the symmetric and anti- symmetric 
representations of U(N) are ±2. Using the tadpole cancellation condition the above ex- 
pression can be simplified to precisely the form ( |6.1j ) for b = a. 

The Green-Schwarz mechanism works quite analogously as in . On each D6 a -brane 
there exist Chern-Simons couplings of the form 

/ C3 A Tr (F a A F a ) , / C5 A Tr (F a ) (6.3) 

where F a denotes the gauge field on the D6 a -brane. Now we expand every 3-cycle 7r a and 
iv' a in the basis (a/, f3j) 

7r a = ej a 1 +mi(3j, 

(6.4) 



Moreover, we define the four-dimensional axions $7 and 2-form B 1 , 1 = 0, ... , /i (2,1) , 



as 



a 1 J/3 



j 



B = I C 5 , -B J+/l ( 2 ,i) +1 = / C 5 . 

/3j Jo' 



(6.5) 



In four dimensions (d^i.dB 1 ) and (<i$ /+/l( ' >+1 , <i.B J+/l (2,i) +1 ) are Hodge dual to each 
other. The general couplings (|6.3|) can now be expressed as 



/ C 3 ATr(F a AF a )=V(ei + (e^) / ) / $j A Tr (F a A F a ) 

+ V (m? + (m?)') / $ m<2 ' 1)+1 Alr(F a AF ( 
/ C 5 A Tr (F a ) =N a V (mf - (m?)') / B 1 A F a 

+ iV a ]T (ei - (ej)') / B /+fc(9 .i )+1 A F a , 



1 
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Figure 5 

where we have used that the gauge field on the fief mirror brane is F' a = —F a . The tree- 
level contribution to the mixed gauge anomaly described by these couplings takes the form 
depicted in figure 5. 

Adding up all terms for the U(l) a — SU(Nb) 2 anomaly we get 

4? ~ N a J2 K + (<)') K - K)') + N a E + W - (4Y) 

i i (6.7) 

~ 2 N a (yr a - 7i' a ) o tt 6 , 



which has just the right form to cancel the anomalous contribution (|6.1| ) of the chiral 
fermions. 



7. Examples on Calabi-Yau 3-folds 

Here, we collect examples of intersecting brane worlds in four dimensions. They are 
given by orbifolds and the algebraic realization of the quintic in CP 4 . 

7.1. Preliminaries on Calabi-Yau orbifolds 

There is a certain number of orbifolds of T 6 preserving supersymmetry in four di- 
mensions. These have been classified in p3| , |65|| . The construction of orbifold examples is 



very similar to the 6D case. Therefore, we restrict ourselves to the study of only three 
examples, namely the H-2 x Z2, the Z3 and the 7L^ orbifolds. For the first two examples 
all 3-cycles are inherited from the T 6 , where for the IL2 x Z2 orbifold one gets h^ 2,1 ^ = 3 
and for the 2 3 orbifold h^ 2,1 ^ = 0. 

Such orbifolds are defined by vi = (1/N, 1/N, —2/N) for the two and by Vj = 
(1/2,-1/2,0) and vf ] = (0,1/2,-1/2) for the two generators of Z|. Note, that the 
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ordinary O orientifolds of type I string theory, e.g. discussed in ||104| , |105| , P-06| , |107|JT^1 , are 



T-dual to Qa orientifolds of asymmetric orbifolds and are not considered in this paper. 

We shall employ completely analogous conventions as in the case of six-dimensional 
models to denote the orbifold backgrounds ||108| , |109| , |110|| . The background tori T 6 for 



the groups Z 2 and 2 4 will be defined by a factorized SU(2) 6 lattice, while the Z 3 torus 
is given by the SU(3) S lattice. On any single Tf there can be a distinction of two in 
general inequivalent models according to the complex structures ta and tb- This results 
in a total of six models, {AAA, ABA, BBA, AAB, ABB, BBB}, for the ~En and the 
four {AAA, AAB, ABB, BBB} for 7Z\. Actually, we are not going to elaborate all the 
examples in detail, but simply look for special cases to illustrate the construction. We 
again pick a basis of 3-cycles on the torus by tensoring the 1-cycles 7$, which are defined 
by the basis vectors e| of the A type elementary cells. As in ( |4.6|) we define 

Tfjjfe = H ® 7j ® 7k- (7.1) 

The 3-cycles on the orbifold are then given by taking the independent orbits of the Wijk 
under the orbifold generators. 

At the orbifold point, where the complete CFT description is available, not only the D- 
term but also the F-term vanishes in the case of supersymmetric configurations. However, 
blowing up the orbifold singularities might not be a flat direction of the exact potential, 
as new non-trivial discs and MP 2 appear in the background which might lead to non- 
vanishing contributions to the superpotential via open string world sheet instantons. We 
shall discuss the corrections to the superpotential and the D-terms later in some more 
detail. 

7.2. The orbifold T 6 /Z 2 x Z 2 

In this case the number of 3-cycles is given by 63 = 2 + 2M 2 ' 1 ) = 8. They can 
be represented by {71-135, 7r 246 , ^245, ^i 3G , 7r 236 , tti45, tti46 5 ^235}^ which have the intersection 
form 



4 ^ 



k=l v 

For the four different orientifolds the homology classes of the 06-planes are summarized 
in table 10. 
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Complex structure 


7T06 


AAA 


2 (tTis^ + 7T245 + 7T146 + 7T23(s) 


AAB 


7T135 + 7T246 + 7T136 + 7I~245 + ^235 - 7Ti4 6 + 7Ti4 5 - 7T 236 


ABB 


7T135 - 7T246 + 7T235 + 71~146 


BBB 


7T135 + 7T246 



Table 10: T 6 /Z 2 X Z 2 orientifolds 



The action of a on the basis for the homology lattice is evident, regarding earlier results 
for the six-dimensional T 4 /Z 2 orbifold of section 4.1. Using these data one can construct 
a variety of intersecting brane world models. A couple of explicit examples including a 
quasi-realistic three-generation supersymmetric Standard Model can be found in |T2|,|rj,^S| . 
There, the computation was performed in the orbifold limit and the spectra were computed 
by some effort in solving constraints for the Chan-Paton matrices. Actually, the results 
for the massless spectra precisely match with table 9. 

7.3. The orbifold T 6 /Z 3 

The orbifold T 6 /23 has Hodge numbers (M 1 ' 1 ), h^ 2,1 ^) = (36, 0), so that the number 
of 3-cycle is 63 = 2. A basis is given by 

7Tl = 7T136 + 7T145 + 7f 235 ~ ^146 + ^236 + ^245, 

(7.3) 

7T2 = 7T135 + ^246 - ^136 ~ ^145 + ^235- 

It leads to the intersection matrix 

^,= (_° 1 J). (7.4) 

For the choice AAA of the complex structure the homology class of the orientifold plane 
is 

7ro6 = 7rij (7.5) 
and the action of [cx]aaa on H^{T G Z) reads 

(7.6) 
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[V AAA 



1 

1 -1 



We skip the computation for the other choices of complex structure. Instead, we show 
that one can indeed recover the 3 generation 577(5) GUT model found in [nj as a T 6 /Z 3 
orbifold compactification. Choosing Ni = 5 and iV 2 = 1 D6-branes wrapped on the cycles 





= 5 : 


m 


= -7Tl + 37T 2 , 


Ni 


= 5 : 


V'l 


= 2lYi — 37T 2 , 


N 2 


= 1 : 


m 


= -2n 1 + 3n 2 


N 2 


= 1 : 


r h 


= 7Ti — 37T2- 



(7.7) 



These branes support a gauge group £7(5) x £7(1). Computing the relevant intersection 
numbers we obtain the chiral spectrum 



Representation 


Multiplicity 


[(10,0) + (1,-2)] L 
[(5,1)]l 


3 
3 



Table 11: Z 3 orientifolds 



which agrees with the spectrum found in ||11|| . There, the gauge symmetry breaking pat- 
terns, the perturbative stability of the model and some phenomenological implications have 
been studied. 



7.4. The orbifold T 6 /Z 4 

In this case, there are four 3-cycles inherited from the T 6 corresponding to one un- 
twisted complex structure deformation in the orbifold model. A basis is given by 

TVi = 2W 135 - 2 7f 2 45, 

7T 2 = 2 Wise - 2 7f 246 , 

(7.8) 

7T 3 = 2n 145 + 27r 235 , 

7T 4 = 27fi4 6 + 2 7f 236 , 

with the intersection matrix 



k=l V / k 
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Let us just present one example for an ABA model, which has a supersymmetric ground- 
state. In this case, the 06-plane is wrapping the 3-cycle 



7T 6 = 2 (tTi + 7T 2 + 7T 3 - 7T 4 ) . (7-10) 

Introducing the four stacks of D6-branes 



(7.11) 



cancels the RR-tadpole. the gauge group given by U(2) 2 . Computing the intersection 
numbers leads to the spectrum 





= 2 : 




= 3 (TTi + 7T 2 ) 


N! 


= 2 : 


v'i 


= 3 (tT 3 - 7T 4 ) 


N 2 


= 2 : 


m 


= TTi + 7T 3 , 


N 2 


= 2 : 




= 7Tl + 7T 3 



Representation 


Multiplicity 


[(A,1)]l 


16 


[(S,1)]l 


8 


[(2,2)] L + [(2,2)] L 


4 



Table 12: Z 4 orientifolds 



which is, of course, free of non-abelian gauge anomalies. We now fix the complex structures 
of the first two Tf and allow ^(t 3 ) = U to vary. At the orbifold point, the scalar potential 
reads 



V = T 6 e~ 



16 + 16 WlO (u + - 32V2 (^/U + 



(7.12) 



which can be shown to be positive, V > 0. It vanishes for U = 1/2. Thus, we have 
found another M = 1 supersymmetric intersecting brane world model which should lift in 
M-theory to a G 2 manifold. 

7.5. The Quintic 

As an example of a Calabi-Yau manifold that is not a torus orbifold consider the 
Fermat quintic Q 

5 

J24 = CCP 4 (7.13) 

i=i 
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together with the obvious involution from the complex conjugation of the coordinates 
Zi — > ~z~i. The fixed points are the real quintic Ym=i = C MP 4 . Topologically this is 
a sLag MP 3 . 

Now the Fermat quintic has 2| acting on it via 



Zi^u ki Zi uj = e 2 s\ ^ 6 2 5 (7-14) 
The diagonal Z5 acts trivially, therefore we get 5 4 = 625 different minimal IRP 3 s 

5 

\k 2 ,k 3 ,k 4 ,k 5 ) d = : u k2 x 2 : oo ks x 3 : u ki x 4 : u ks x 5 ] x t G P, J^xf = oj (7.15) 

i=i 

The intersection number of 1 1, 1, 1, 1) and |&2, &3, &4, ^s) was determined in it can be 
written as the coefficient of the monomial #2 2 #3 3 #4 4 #5 5 m 

5 

w = n + ^ 2 - ^ - st) e z[»i, # 2 , 04, / = 1, n si = *> ( r - 16 ) 

i=l 

All the other intersection numbers are then determined by the 2| symmetry. The ensuing 
intersection matrix M G Mat(625, Z) has rank 204 = 63, so the |/c2, k 3 , &4, £5) generate the 
full H 3 (Q;M). 

Of course, not all those minimal MP 3 are 3?(f2a) calibrated, but rather $t(ui k fl 3 ) 
calibrated. Indeed the 3?(fia) calibrated sLag cycles L cannot span H 3 (Q) since S(03)|l = 
=> L is orthogonal to PD(S(03)). To determine the 3?(Oa) sLags we need to know how 
Z| acts on the holomorphic volume form. This is clear from the residue formula 

So O3 transforms as O3 1— > (Y\ i u> ki )Q 3 , and the ^(03) calibrated PP 3 s are the 
1^2,^3,^4,^5) with Y^i=2 = m °d 5. There are |5 4 = 125 such sLags, and using the 
intersection matrix one can check that they generate a 101-dimensional subspace of H 3 (Q). 
Furthermore those 125 cycles have vanishing intersection numbers among themselves, so 
by wrapping branes on these sLag cycles one cannot obtain chiral fermions. 

Even without chiral fermions, is it at least possible to find supersymmetric tadpole- 
free models besides the one with all branes sitting on top of the orientifold plane? First 
consider the RR tadpole. Since the 125 sLag PP 3 s span only a 101-dimensional subspace 
of H 3 (Q) there are 24 relations between them. This yields a 24 dimensional family of 
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brane configurations that formally cancel the RR tadpole (|2.14 ). But even if the overall 



homology class adds up correctly we have to make sure that we use only branes, and no 
antibranes (whether some cycle is a brane or antibrane is determined by its orientation 
relative to the orientation induced by the calibration). So in the 24 dimensional space of 
relations we may only use the positive coefficients if we want to preserve supersymmetry. 
It can easily be seen that there is no solution besides the zero relation (for example note 
that the coefficients in the relations add up to 0). 

Secondly let us consider the NSNS tadpole. For this we need to know the volume of 
some linear combination of the sLags. But because we got all the MP 3 s by acting with a 
symmetry they all have the same volume (say, 1): 

(125 \ 125 

J2na\k { 2 a \ki a \k{ a \ki a) ) =$>a| (7.18) 
a=l / a=l 

So let J2n a k^ , k^ , k^ , k^ ^ be an arbitrary (nonzero) relation, i.e. homologous to 
zero, and let hi be the coefficient of |1, 1, 1, 1). Then it is not difficult 4 to see that 

125 

\Q + hi\ + Y,\n a \ > \Q\ (7.19) 

a=2 

So the volume of the cycle always increases if we go away from the configuration with all 
branes wrapping the orientifold plane. This means that there is also no NSNS tadpole free 
configuration besides the trivial one, at least not without introducing other sLag cycles 
besides the 125 IRP 3 s. 

7. 6. The Quintic Standard Model 



We have seen that using the 3-cycles in (|7.15|) we cannot obtain interesting brane 



configurations if we want to preserve supersymmetry. However one might hope that one 
could give up supersymmetry and then at least realize the Standard Model with intersecting 
branes. This is indeed possible, as we will show in this section. 

First note that all intersection numbers of the 625 minimal EJP 3 s are in the range 
—2, . . . , 2, while we need ±3 for some cycles. So we cannot simply wrap branes on the 



For example, note that there is an integral basis for the relations such that the coefficient of 
|l, 1, 1, 1^ is always —1, 0, or 1, and such that for each of the 24 generators there is some RP 3 s 
with coefficient ±1 that does not occur in the other relations. 
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RP 3 s, we must use linear combinations. Fortunately one can represent every class in 
Hs(Q;^.) by a connected Spinr submanifold for dimensional reasons. In addition to the 
06-plane on the cycle ttqg = [0, 0, 0, 0) we wrap D6-branes on the following 3-cycles 



TTa = 


10,0,3,1) 




/ 

= 


|0,0,2,4) 




7T& = 


|4,3,0,3> 




< = 


11,2,0,2) 




TTc = 


13,0,1,1) 


-2 |4,3,0,3> 


< = 


|2,0,4,4> 


-2|1,2,0,2) 


TTd = 


|4,2,4,4) 


-2|0,0,3,1) 




|1,3,1,1> 


-2|0,0,2,4) 



(7.20) 



It is straightforward to check that the homology classes are primitive, i.e. not a multiple 
of some other class in H^Q, 2), by finding one HP 3 such that the intersection number is 
±1. The intersection numbers of the given 3-cycles are shown in table 13. 
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7T6 


7T C 




< 
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7T06 


TTa 





-1 


3 








-2 
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Kb 


1 











-2 
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TTc 


-3 
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3 








-3 













-3 
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-3 








< 





2 


-3 








1 


-3 










2 








-3 


-1 














< 


-3 








3 


3 








-3 





< 





-3 


3 











3 






































Table 13: Intersection numbers 



Note the symmetries of the intersection matrix 

7Tj O TVj = —TVj O 7Tj = TT a O TT i = — Tt\ O 7t'-, 

(7.21) 

TXi O Ttj = TT j OTt[ = —Tt[ O TVj = TVj O Tv[. 

The intersection pattern in table 13 is precisely the one required for the Standard Model 
as proposed in ||: If one wraps four different stacks of D6-branes, namely a stack of 3 
branes on 7r a , a stack of 2 branes on 7T&, and a single brane on tv c and TTd then the gauge 
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group is U(3) x U (2) x U (l) 2 ; in addition one gets just the necessary bifundamental chiral 
fermions. Since iii o = i\i o tyoq = there are no chiral fermions in the symmetric or 
antisymmetric representations of the gauge groups. The chiral massless spectrum is shown 
in table 14. 



Sector 


Field 


SU(3) x SU(2) x U(l) 4 


U(1) Y 


Multiplicity 


(ab) 


Ql 


(3, 2)(i ) _ 1)0) o) 


1/3 


1 


(a'b) 


Ql 


(3, 2)(i j i j0 ,o) 


1/3 


2 


(ac) 


U r 


(3, l)(-i,o,i,o) 


-4/3 


3 


(a'c) 


D L 


(3, l)(-i,o,-i,o) 


2/3 


3 


(b'd) 


L L 


(1) 2 )(o, -1,0,-1) 


-1 


3 


(cd) 


Er 


(1) 1)(0,0,-1,1) 


2 


3 


(c'd) 


N L 


(1) 1)(0,0,1,1) 





3 



Table 14: Chiral left-handed fermions for the 3 generation model. 



The anomaly-free hypercharge is given by 

U(1) Y = \u{l) a - U{l) c + U(l) d . (7.22) 

The phenomenological properties of this model are analogous to the one described in detail 
in §. 

Of course, so far our model does have a nonvanishing RR tadpole: The sum of the 
homology classes 

7T = f ^ Na + ^o) + Ql n °1 = 

(7.23) 

= 3(yr a + n' a ) + 2(n b + n' b ) + (n c + n' c ) + (n d + n' d ) - 4n 06 

does not vanish. For example, one can easily find other cycles that have nonzero intersec- 
tion with 7r. However the intersection number of tt and the standard model branes does 
vanish. This is not surprising since the intersection numbers were precisely chosen to yield 
the Standard Model so that this set of intersecting branes yields an anomaly-free spectrum 
by themselves. 

Thus, one can introduce a hidden brane that carries the right charge to cancel the 
tadpole but does not intersect the Standard Model branes, so there is no bifundamental 
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matter charged under both the SM and the hidden gauge group. For this we simply add 

def 

one brane in the homology class tth = — 7r. As already noted it does not intersect the SM 
branes, so this is really a hidden brane. 

We find it quite amusing that it is fairly easy to construct a non-supersymmetric three 
generation standard model on the quintic Calabi-Yau. Using different 3-cycles on the quin- 
tic it remains to be seen whether it is also possible to construct a realistic supersymmetric 
intersecting brane model coming as close as possible to the MSSM. 



8. Stability, scalar potential and gauge couplings 

Non-supersymmetric brane configurations are in general unstable. On the one hand, 
depending on the intersection angles there can be tachyons localized at the intersection 
points. Phenomenologically it was suggested that these tachyons might be interpreted as 
Standard Model Higgs fields ||111| JH1, where in particular in it was demonstrated that 
the gauge symmetry breaking is consistent with this point of view. On the other hand, 
even if tachyons are absent one generally faces uncanceled NSNS tadpoles, which might 
destabilize the configuration pO| , p!T|pl| , p^] . In |2(J it was shown that it is at least possible 
for appropriate choices of the D-branes that the complex structure moduli are stabilized 
by the induced open string tree level potential. The stabilization of the dilaton remains a 
major challenge as in all non-supersymmetric string models. 

For supersymmetric intersecting brane worlds we can expect much better stability 
properties. First tachyons are absent in these models due to the Bose-Fermi degeneracy. 
However, since for orientifolds on Calabi-Yau spaces the configuration only preserves M = 1 
supersymmetry, in general non-trivial F-term and D-term potentials can be generated. In 
the case that an exact CFT description is available, like in the orbifold examples, it is clear 
that at that point in moduli space the F- and D-terms vanish, but in general such terms 
will be generated. Luckily, the generation of D-term and F-term potentials for D-branes 
wrapping sLag cycles of some underlying Calabi-Yau manifold has been the subject of 
intense study during the recent years. Therefore, in the remainder of this section we will 
collect partially known results for the contributions to the F-term and D-term potential. 
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8.1. F-term superpotential 

The effective Af = 1 superpotential of a type II compactification on a Calabi-Yau 
3-fold with D6-branes and 06-planes on sLag cycles receives contributions from different 
sources. Due to supersymmetry there are no string loop corrections to the superpotential, 
and the Peccei-Quinn symmetry forbids perturbative a' corrections. The only corrections 
possible arise from world-sheet instantons. They are provided by oriented closed strings 
with the topology of a sphere, wrapping homologically non-trivial 2-cycles in the Calabi- 
Yau manifold, and by unoriented closed strings with the topology of MP 2 , ending on the 
orientifold plane ||112|| . Finally, the superpotential can receive contributions from open 
strings discs glued to the various D6-branes ||113| , |114| , [115| , p[3" l. 

It is known that closed string instantons on a type II Calabi-Yau background do 
not generate a superpotential, so let us discuss the disc instanton corrections a bit more 
detailed. Consider a D6-brane which is wrapped on a supersymmetric Lagrangian 3-cycle 
S C Ai 6 . In general, all holomorphic open string disc instantons will contribute to the 



superpotential, which will be given in terms of an instanton sum of the form [|38 



w(s,T k ) = -^N k ^exp(n[ks-m-f]). (8.1) 



n 

k,n,m 

Here the open string modulus s parameterizes the size of the holomorphic disc, Nf~^ are 
integers counting the number of domain wall D4-branes ending on the D6-brane, which 
wrap a certain 2-cycle class captured by m, and k finally denotes the wrapping number 
around the boundary. In the large volume limit, T k — > oo, the classical superpotential 
is vanishing. Thus, very similar to heterotic string models with (0, 2) world-sheet super- 
symmetry, also for supersymmetric intersecting brane models one expects the background 
to be destabilized by world-sheet instanton corrections. However, in the (0, 2) context is 



is known that there exist a subclass of models, the so-called Distler-Kachru models [116 



which are not destabilized by world-sheet instantons ||117| , |118| , |119| , |120fl . It would be inter- 
esting to determine a stable class of M = 1 supersymmetric intersecting brane models, as 
well. 

To compute this instanton expansion directly is a horrendous task, as one does not 
understand the background well enough to determine all non-trivial holomorphic discs. 
However, the instanton expansion for A-type branes and orientifold planes, D-branes and 
O-planes on sLag cycles, can be computed in simple cases by the use of mirror symmetry. 
The contribution from the disc and MP 2 world-sheets arise from domain walls in the type 
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IIB model [ 121 , 122 ] . Such domain-walls are given by D5-branes and 05-planes wrapping 
supersymmetric 3-cycles in W 6 , the mirror dual of Ai 6 . Therefore the superpotential 
can only depend on the complex structure of W 6 and there are no world-sheet instanton 
corrections on the type IIB side. The superpotential simply reads 



«• = / G A fi 3 , 



(8.2) 



where G = dCi is the RR 3-form field strength. Note, that ( |8.2j ) is more general in the 
sense that even without explicit D5-branes all sources for the RR flux G also contribute 
to this superpotential. For some non-compact Calabi-Yau 3-folds and certain D6-brane 
configurations (|8.2|) has indeed been computed, leading to highly non-trivial results on the 
number of holomorphic discs in the dual backgrounds Ai 6 . 

For the particular case we are going to study in section 10, where we consider the 
mirror situation with D9-branes with gauge fluxes the equation of motion for G can be 
obtained from the formulas given there. It reads 



1 



h 



dG 



A*9 



8tt' 



2 n a Tr {F a A jF a ) — Tr (K a A TZ a ) 



+ 2/^5(05). 



(8.3) 



Here, 5(05) denotes a form which is supported at the location of the 05-planes. Note, 
that ( |8.3|) also includes the contribution from the 09-plane to the curvature term. It can 
be integrated and using the result from |45| for the 05-plane we get 



w 



' 8tt 2 



J^ 6 2n aTr^A a AdA a + ^A a AA a AA a ^ AO; 



Tr[uAdu + -uAuAu) A0 3 
w 6 V 3 



<c 



(8.4) 



where u denotes the spin-connection and C a 3-cycle satisfying dC = 7ros . The super- 
potential ( |8.4f) looks very similar to the superpotential for the type I or heterotic string. 
From this discussion it is clear that to really compute the superpotential for the A-type 
models with intersecting D6-branes it is essential to gain a better understanding of the 
detailed mirror map for the D6-branes. 
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8.2. D-term potential at tree level 



The self-energy of the D-branes is due to the tension of the wrapped D-branes. Since 
the open string tree-level scalar potential only depends on the complex structure moduli 
it is clear that in the effective M = 1 field theory this potential does not arise from 
a holomorphic superpotential but from a D-term. The D-term scalar potential has the 
following general form 



Vd- 



term 



(8.5) 



Here g a is the gauge coupling of some U(l) a gauge group, and £ a is the Fayet-Iliopoulos 
term associated to U(l) a . The scalar fields fa will obtain a positive or negative quadratic 
mass term for no n- vanishing £ OJ depending on the sign of their U(l) a charges <f a . In 
the intersecting brane worlds the potential energy of the wrapped branes corresponds to 
the term m d*D> as we wm discuss in the following, and the scalars fa are open 
strings fields which are massive, massless or tachyonic depending on the choice of moduli 
parameters. M = 1 supersymmetry will be unbroken, if the potential vanishes in the 
groundstate. In particular this can be achieved for £ a = 0, where the scalars fa are all 
massless. If, however, £ a > 0, a supersymmetric groundstate is only accessible after the 
condensation of a tachyonic scalar. 

Recall that the disc level scalar potential for D6-branes wrapping sLag cycles can be 
written as 



V = T 6 e"^ 4 



5> 


/ 3 




[ 3 


-4 / &(n 3 ) 






a 




7T06 



SI*. 



3?(O s 



(8.6) 



where we have used ( |2.19|) and (|2.14| ). On the other hand, the U(l) a gauge coupling is 
given by 



1 



iV a iV a M 



9 2 u{ i )a 9l W 
Hence, by direct comparison with (|8.5| ) we see that the Fl-term can be identified as 



So 



1.7) 



Mt ( 


f ^3 




K(0 3 ) 


2tt 2 I 


L ^3 
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which apparently vanishes if the D-brane is calibrated with respect to the same 3-form as 
the orientifold plane. 

Since the Fl-term is not a holomorphic quantity one expects higher loop corrections 
to the classical result ( |3.8| ) . Using the expansion (|5.6| ) of the 3-cycle 7r a in terms the basis 
3-cycles a 1 and (3j, one can write 



7T Q 



leJX^-miF/CEOI. (8-9) 



This expression is invariant under modular symplectic transformations in Sp(2h^ 2 '^+2, 7L). 
Note that this type of potential was already discussed in the context of automorphic 
functions on Calabi-Yau spaces in ||123|| . Moreover a very similar expression appears as 



the superpotential due to RR- and NSNS-fluxes on Calabi-Yau spaces, e.g. discussed in 
]55| , pD| , pT|j9^ ] . The vacuum structure of this type of potentials was investigated in some 
detail in [^T| with result that at a generic point in the moduli space supersymmetry is 
completely broken. However the minima of V are generically such that the system is 
dynamically driven to those degeneration points in the moduli space (large complex struc- 
ture limit, conifold points) where full M = 2 supersymmetry is restored. In addition, 
there might by isolated singular points (field theory Seiberg-Witten points), where only 
M = 1 supersymmetry is unbroken. A general analysis of those supersymmetric attractor 
points was also provided in a beautiful work of Moore ||124| , 125 and also in the context of 
supersymmetric M = 2 black holes in |126| , |127f . 

The tree level scalar potential V was computed in [[TT],^T| (see also PH ) for the case 
of intersecting D6-branes on T 6 and also for the case of the T 6 /Z3 orbifold. For the case 
of the toroidal background, V only depends on the three complex structure moduli U 
of the three two-tori. For the 7L?, orbifold with /i^ 2,1 ) = 0, it is simply constant. Let 
us "check" the general Calabi-Yau formula ( |8.9|) for the case of the torus T 2 x T 2 2 x T 3 2 
with three complex structure moduli U , 7=1,2, 3. This discussion also applies for every 
orbifold with hW = 3 like the 2 2 x Z 2 orbifold. The moduli space for these three fields 
is A-^h = (SU(1,1)/U(1)) 3 . The corresponding prepotential for the complex structure 
moduli is given by the expression 

F(X) = = (X^UWU 3 , 11* = ^. (8.10) 
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Then, first without any further restriction on the expansion coefficients ej and m J , the 
scalar potential takes the following form 



leo + eiU 1 + e 2 U 2 + e 3 U 3 + mPU^U 3 + m x V 2 V 3 + m 2 U x U 3 + m 3 U x V 2 \ 



UUVW 7 ) 



5.11) 



However, we want to assume that the D6-brane wraps such homology 3-cycles which factor- 
izes into three 1-cycles around each of the three tori; hence this 3-cycle can be characterized 
by three pairs of unrestricted wrapping numbers (77, sj). This means that the e/ and m 
in (p.ll ) are not completely arbitrary but the following relations have to hold: 



e = rir 2 r 3 , e x = Sir 2 r 3 , e 2 = s 2 r 1 r 3 , e 3 = s 3 rir 2 , 
m° = S1S2S3, m 1 = ris 2 s 3 , m 2 = r 2 sis 3 , m 3 = r 3 s 1 s 2 . 



Then, the potential (|8.11|) can be rewritten as 



v = t ( ,< "■ n 



1 VW 7 )- 

This expression agrees with the potential obtained in [11,21] and in [2~3| 



5.12) 



5.13) 



8.3. Gauge couplings 

Each gauge factor supported on a stack of D6-branes comes with its own gauge cou- 
pling g a , which can be deduced from the Dirac-Born-Infeld action to be 



1 



M 



9l (2tt 



« g-04 



(8.14) 



Thus, the gauge coupling also depends on the volume of the sLag 3-cycle the D6-brane is 
wrapping around. In a supersymmetric theory the gauge coupling can be combined with 
an axionic theta-angle into the holomorphic gauge kinetic function /. The relevant axionic 
coupling is contained in the Chern-Simons part of the D6-brane action and looks like 



S ax ion = »6 I 2n 2 (a') 2 C 3 A Tr(J- a A T a ). 

'1R 3 ' 1 X7T a 



Hence, the axion is given by 



A 



2M; 



" (2^) 4 L a 
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5.15) 



5.16) 



These two couplings combine into a complex coupling 



/ 



3?(0 3 ) + 2z / C 3 



.17) 



where the real part depends on the h^ 2 ' 1 ^ real complex structure moduli. This was already 
shown for the toroidal case in [|19[ . For a general Calabi-Yau, the complex gauge coupling 
depend holomorphically on the h^ 2,1 ^ + 1 chiral superfields that contain the complex struc- 
ture moduli as scalar components. Moreover, it is known that for M = 1 supersymmetric 
theories the gauge kinetic function receives quantum correction only at the one loop level. 
Thus, as in |128fl one will get corrections from world-sheet instantons with annulus, Mobius 
strip and Klein-bottle topology. Since the gauge couplings depend on the volume of the 3- 
cycles, it is clear that the constraints one gets for realistic intersecting brane world models 
to meet the phenomenological gauge couplings at the weak scale are rather moderate and 
at least at the classical level easy to satisfy by choosing appropriate values for the complex 
structure moduli. 

Finally, we would like to comment on the possibility to obtain scenarios with a low 
string scale and large extra dimensions [p2|,6"3]j with intersecting D6-branes. Since the 
four-dimensional Planck mass is given by M 2 X = Mf e -2 ^ 4 , the following relation holds 



1 

9l 



M, 



P i 



M, 



U8) 



so that gauge couplings of order one can be obtained for small values of the string scale, if 
we can choose 

' 3 



< 1 (8.19) 
for all 3-cycles 7r a . In the toroidal case with factorizable D6-branes it was not possible to 



meet the requirement (|8.19|) for all D6-branes while preserving chirality. This was due to 
the fact, that a large transverse volume requires at least some of the complex structure 
moduli to become large. Then, flS.18[ ) was violated, because in order to preserve chirality 
not all D6-branes on a torus could avoid the large direction. This obstruction does no 
longer appear for general Calabi-Yau models, where low scale string models hence seem to 
be accessible. 
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9. Mirror symmetry 

So far we have considered type IIA orientifolds with A-type D6-branes wrapping sLag 
3-cycles in the Calabi-Yau. We have formulated the consistency conditions for the absence 
of RR-charges on the internal Calabi-Yau and have presented a general purely topological 
formula for the chiral massless spectrum localized at the intersection points of the D6- 
branes. In this section we will give the mirror symmetric formulation of such intersecting 
brane world models. 

Here, one starts with the type IIB string on the mirror Calabi-Yau space W 6 with 
Hodge numbers hS 2,1 ^ = h^- 1 ' 1 ' and h^ 1 ' 1 ' = h^ 2,1 \ Let us briefly discuss the fate of the 
intersecting D6-branes and the orientifold 06-plane under mirror symmetry. It is known 



that A-type branes are mapped under mirror symmetry to B-type branes [|129|1 , which 
are wrapped on even-dimensional holomorphic cycles in the H2 P (W G ; 2) homology of the 
mirror manifold and carry a holomorphic stable gauge bundle with curvature 2-form T on 
their world volumes. The calibration condition ^(e^fls) = dvol\^ q of the A-branes, is now 
replaced by the MMMS equation [|130|1 



—T NT NT - —J A J A T = tan(0) \^-JNTNT-^-JNJNJ), (9.1) 
3! 2! y ' \2\ 3! J 

together with the requirement, that the (2, 0) component of T vanishes. The parameter 



9 takes the role of the free phase in the angle condition (|2.29|) of the sLag cycles. For 
simplicity, we will take all branes to be D9-branes. The precise map of intersecting D6- 
branes to D9-branes with constant gauge field strength is known for the torus, but for a 
general Calabi-Yau it is hard to find explicitly. In the case of orbifold realizations mirror 
symmetry is simply given by T-duality along three of the six compact directions which 
maps a symmetric 7Ln orbifold to an asymmetric 7Ln orbifold. Moreover, intersecting 
D6-branes are mapped to D9-branes with constant magnetic flux as has been studied in 

Even without knowing the precise mirror map for a generic Calabi-Yau model we can 
independently formulate the models in the mirror symmetric setting. Thus, we start with 
the type IIB string theory compactified on a Calabi-Yau manifold W 6 . Now, we divide out 
this model by the world-sheet parity transformation O. As a result we get an orientifold 
09-plane wrapping the entire Calabi-Yau manifold and 05-planes wrapping holomorphic 
2-cycles 7ro5 of the Calabi-Yau. In principle, a mirror configuration could also contain 
07- and 03-planes, however, not together with 09- and 05-planes, as this would break 
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supersymmetry. Now we introduce stacks of D9 a -branes 5 wrapping the entire threefold n a 
times and each stack carrying a U (N a ) gauge bundle defined by T a . Via the Chern-Simons 
couplings (|2.8|) in the Born-Infeld action these fluxes introduce charges under the lower 
degree RR-forms as well. Under Q a stack of D9-branes with a U(N a ) gauge connection 
A a is mapped to another stack of D9-branes with a U (N a ) gauge connection 

K = -laA T al ~\ (9.2) 

where the 7 a denote unitary matrices. Since the A a are skew-Hermitian this is identical 
to 

A a =laA* al -\ (9.3) 
implying that the action on the gauge field strength T a = dA a + A a A A a is also given by 

The RR-tadpole cancellation conditions can be derived from the Chern-Simons couplings 

s C s = ^ ( / 8 °p A E n - + ch ^*)] A 

p ^ 6 a 

+ Q 9 [ C p A Jc(K/4)) + ^ 5 Q 5 [ C 6 



(9.5) 



and can be written as 



Y] n a \ch(F a ) + ch( TD] A JA(R) - 32 J £(11/ A) - 2^5{-k ^) = (9.6) 

where 5(txo^) denotes the Poincare dual 4- form of 7ro5- Since on a Calabi-Yau manifold 
one has h^ Q,Q ' = h^ 3 ' 3 ^ = 1 and h^- 1 ' 1 ' = h^ 2,2 \ expanding the tadpole condition ( |9.6| ) into 
a basis one gets 2h( 1 ' 1 ' + 2 different RR-forms and their respective tadpole cancellation 
conditions. However, similar to the type IIA orientifolds only half of these conditions are 
non-trivial, as one half of the RR-forms are projected out. 

In the large volume regime the chiral massless spectrum can be deduced from the 
Atiyah-Singer index theorem. The four-dimensional chiral fermions transforming in the 



5 As in the toroidal case we expect that D-branes of smaller dimension can be considered as 
special degeneration limits of bundles over D9-branes. The appropriate framework to describe 



such degenerate bundles is given by coherent sheaves [ 132 1 . 
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bi-fundamental representation of two factors of the total gauge group are sections in a 
spinor bundle associated to the tensor product of the two individual gauge bundles. Due 
to the property ch(jF a ® JF & ) = ch(jF a ) A ch(jF b ) of the Chern character, their multiplicity 
is given by 

Ha, b) = [ ch^ N JK ® T h ) A A(R) 



N a N b J w e 



n a n b 
N a N b 



(9.7) 

ch(JF*) Ach(JF b ) AA(H). 



'w 6 

For the case of flat D9-branes with constant gauge curvatures this formula can also be 
produced from the open string quantization, of course. Moreover, the number of O invariant 



self-intersection points is given by the Mobius amplitude, which was derived in ||133 1 



1(a) = 8^ / ch(F a ) A sjMlZ) A sj £{K/4) + [ ch(F a ). (9.8) 

Thus, the spectrum of chiral fermions for a set of D9-branes with gauge fluxes is now given 
by table 15. 



Representation 


Multiplicity 


[A a ]i 


|(/(o*,o) + /(o)) 


[Sa]i 


\(I[a\a) -1(a)) 


[(N a ,N b )] L 


J(a, 6) 


[(N a ,N b )] L 


/(a*, 6) 



Table 15: Chiral spectrum in d = 4 



Using the RR-tadpole cancellation condition ( |9.6| ) it is straightforward to confirm that the 
generic massless spectrum in table 15 is free of non-abelian gauge anomalies. 

As a simple check one can verify that the Atiyah-Singer index theorem ([J77]) applied 
to U(l) gauge bundles with constant field strength on a flat six-torus T 6 = x T| x T| 
indeed gives the result derived in |]J. The following constant U{1) gauge fluxes are T-dual 
to factorizing intersecting D6-branes on T 6 

3 i 

T a = -2ni J2 n i Yo \{Tj) 1{ - N ^ N ^ dxi A dyu ( 9 - 9 ) 
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where xi, yj are Cartesian coordinates on the torus Tf. The evaluation of the integral in 
( j9.7|) for the number of chiral fermions 

3 

I(a,b) = H(n I a m I b -m I a n I b ) (9.10) 

7=1 

which agrees with the formula deduced in |l| by CFT methods. One can push this list of 
analogies further, for instance in evaluating the potential in the dual frame. In the end, 
the two mirror sides are just equivalent descriptions of identical physics. 

10. Lift to M-theory and related issues 

In the previous sections we have described in quite general terms intersecting D6-brane 
models on general orientifolds of Calabi-Yau manifolds. These models provide a huge class 
of four-dimensional string compactifications with quasi-realistic gauge groups and chiral 
matter content, where the gauge degrees of freedom are localized on the D6-branes with 
co-dimension three and the chiral matter sits at the intersections of these D6-branes of 
co-dimension six. In general, such models break supersymmetry completely, but this is 
not automatic. Demanding supersymmetry actually fixes some of the complex structure 
moduli dynamically and deviating from the supersymmetric locus introduces a D-term 
potential, such that the breaking can be described spontaneously. In order to have any 
chance to preserve supersymmetry in these models, it is essential that we are dealing with 
orientifolds containing 06-planes with negative tension, so that the overall tension can 
potentially vanish. 

An interesting issue in type IIA vacua with only D6-branes, and possibly 06-planes, 
is the fact that the eleven-dimensional lift to M-theory is purely geometrical in the sense 
that the eleven-dimensional 3-form is trivial. This can be easily seen by looking at the 
fields which couple to the 6-brane background. The D6-branes are the magnetically charged 
monopoles of the KK vector, and thus only couple to components of the eleven-dimensional 
metric, the RR 1-form C\ and the dilaton of type IIA. The geometric lift of isolated 
D6-branes in flat ten-dimensional space-time is then a non-trivial U(l) fibration over an 
5" 2 C 1R 3 , a Taub-Nut space. The base S 2 is given by the asymptotic infinity of their 
transverse space IR 3 in ten-dimensions, and the U(l) fiber defines the dilaton of type 
IIA. Similarly, the 06-planes lift to an Atiyah-Hitchin space. It is important that these 
spaces are equipped with metrics that allow a consistent ten-dimensional interpretation of 
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the configuration. This requires in particular, that the fiber circle is regular everywhere 
and approaches a finite radius at infinity. Then, the geometry corresponds to a type IIA 
vacuum with a finite coupling everywhere, which upon rescaling may be assumed to be 
small at infinity. 

In order to get a chiral model it is not sufficient to consider parallel D6-branes and 
06-planes, as we have discussed at length. In chiral backgrounds the charges cannot cancel 
locally and the dilaton and the RR 1-form potential vary. Supersymmetric settings of this 
type preserve exactly four supercharges, i.e. M = 1 supersymmetry in four dimensions. By 
the general classification of the number of Killing spinors on a seven-dimensional manifold 
equipped with the Levi-Civita connection, they lift to an M-theory compactification on 
a manifold with holonomy G<i- Due to the fact, that smooth (^-manifolds only have 
abelian isometries, to lift a chiral model with a non-abelian gauge group, we need to allow 
for singularities |134| , |135| , |T3| , |136| |. In practice, little is known about the lift of compact 



six-dimensional backgrounds to eleven dimensions, except for orbifold models ||137|1 and 



CFT results [p.38| , |139|J140| , |141| , |142|| , which, however, do not directly relate to a geometric 



interpretation of the manifold. In the following section we just like to collect a number of 
observations and speculations starting from the known cases of local models. In a sense, we 
would like to take the attitude that supersymmetric orientifolds with intersecting branes in 
ten dimensions provide an alternative approach to the study of M-theory compactifications 
on certain singular G2 manifolds. 6 

10.1. Local models of intersecting D6-branes 

It has been argued, that the proper lift of two intersecting D6-banes in IR 6 is given 
by a non-compact seven-dimensional cone ||149|| . Concretely, it was observed by M. Atiyah 
and E. Witten that one can define a U{1) action on CP 3 such that CP 3 /t/(l) = S 5 and 
Fix(£7(l)) = S 2 U S 2 . Taking the seven-dimensional cone on CP 3 leads to a f7(l)-manifold 
with a fiber that degenerates exactly along two intersecting sLag 3-planes within P 6 . 
Smoothing out this geometry is believed to describe the geometric lift of two intersecting 
D6-branes located at the fixed locus of the U(l) that defines the dilaton. Actually, a 



6 It would be also interesting to get a better understanding about the relation between M- 
theory on a compact G2 manifold respectively intersecting D6-branes in type IIA and orbifold 
compactifications of heterotic M-theory to six and four dimensions with chiral matter fields located 



at the intersections of the various orbifold fixed planes [143-148]. 
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metric on the cone on CP 3 with holonomy G2 is known [ 150| , 151 , 152 |. It describes a space 



topologically H 3 x S 14 , where the co-associative 4-cycle S 4 replaces the singular tip of the 
cone. Unfortunately, this metric can not function as a candidate for the lift of the type 
IIA vacuum without modifications, as the circle meant to define the string coupling is not 
finite at infinity. 

In ||153|| (see also ||154|| ) a generalization of the construction towards multiple inter- 



secting D6-branes was proposed. Using €T 3 /U(1) = S 7 /U(l) 2 , one can divide out by any 
linear combination U(l)' of the two U(l) in the first step to define the base of another 
seven-dimensional cone. The linear combination of the two generators is defined by two 
integers (n,m), which simultaneously play the role of the weights of the weighted projec- 
tive space S 7 /U(l)' = WCP 3 and of the multiplicities of the two D6-branes. These 
are now modeled by the A n _i and singularities of the weighted projective space. 
Not even knowing the proper metric to describe the lift of a single pair of D6-branes, there 
appear to be little clues, how to determine a sufficiently regular metric for this more de- 



manding case (see e.g. ||155|| for some discussion). Still, one may want to add more physical 
observations about what we expect these spaces to behave like, even without knowing their 
precise definition. 

10.2. Geometric transitions 

In particular, in the type IIA background we encounter a number of transitions which 
should lift to viable topology changing transitions of the G2 manifold. At a supersymmetric 
intersection of two D6-branes the bosonic superpartner of the chiral fermion is a marginal 
operator transforming in the bi-fundamental representation of the two gauge factors. This 
flat direction indicates a deformation of the two intersecting D6-branes towards a single 



D6-brane with the same volume while preserving the homology class ||156|| . This transition 
can be thought of as the six-dimensional analogue of the deformation of sLag 2-cycles, that 
was studied in section 4.7.1. In the effective field theory it can be considered as moving on 
a Higgs-branch, where the gauge symmetry of the two individual stacks is broken to the 
diagonal. It is clear that in the M-theory such a smooth transition must lift to a topology 
change between the two different singular G2 manifolds described above. In a local model, 
we then expect a smooth transition between seven-dimensional cones on different three- 
dimensional weighted projective spaces. 
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An even more dramatic change is given by the conifold transition, where a 3-cycle 
in the Calabi-Yau shrinks to zero size and the resulting singularity is resolved by a 2- 



cycle. Following C. Vafa |157fl D6-branes which are wrapped around the shrinking 3-cycle 
become some RR 2-form flux through the resolving 2-sphere. In fact, this type of topology 
change is quite well understood for the deformed conifold geometry T*S 3 with N wrapped 
D6-branes on the sLag S 3 , and the resolved conifold 0(-l)©0(-l) ^ CP 1 with N 
units of flux for the RR 2-form G 2 - In the corresponding M-theory lift, this situation was 
geometrically interpreted by a flop transition between two S 3 in the corresponding non- 
compact G2 manifold ||158|| . Here, the situation is slightly better in that an appropriate 
metric on one side of the transition is known, while for the metric after the flop numerical 
studies have been performed ||159| , |160 . 



For compact Calabi-Yau manifolds the conifold transition affects the whole Calabi-Yau 
manifold. Then, in general we have to expect that after the transition all the D6-branes 
and the 06-planes are arranged in a completely new way. Whether this quite complicated 
type IIA transition lifts to a simple flop transition on the G2 manifold is clearly a difficult 
question. But one may try to derive at least some consistency requirement from the 
tadpole conditions analogous to ( |2.14| ) . So let us assume that we are left after the conifold 
transition with some remaining 3-cycles ix a (a = 1, . . . , N') with iV a D6-branes wrapped 
around as well as with the 06 homology 3-cycle 7ro6- In addition N" new 2-cycles S% 
(b = 1, . . . , N") have emerged after the conifold transition, which each supports iV& units 
of Ramond 2-form flux: 

N b = [ G 2 , G 2 = dC 1 . (10.1) 
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Before we try to generalize the type IIA tadpole condition including the Ramond 
2-form fluxes, let us switch to the type IIB mirror picture. Here the conifold transition 
replaces D5-branes wrapped around a 2-sphere by some flux of the 3-form gauge field 
strength iff 1 + tH^ s through some appropriate dual 3-cycles C 3 and C 3 . Then we will get 
the following tadpole condition for the 3-form fluxes in the absence of space-time filling 
D3-branes (see e.g. the discussion in [|97j): 

N" 

£ / #3 R Atf 3 NS = 0. (10.2) 

Coming back to the type IIA side, it was argued in ||157|| (see also the comments in 
161|| ) that the mirror description of the type IIB NS 3-form flux is given in type IIA in 
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terms of a non- vanishing flux of a NS 4- form field strength . Actually the role of this 
NS 4-form field strength is still not very well understood in the literature. It is associated 
with the lack of integrability of the complex structure of the Calabi-Yau space due to the 
presence of the Ramond 2-form flux. Hence Hf s reflects the back-reaction of turning on 
the Ramond 2-form flux on the six-dimensional Calabi-Yau metric. In any case, if this 
interpretation is correct, the following tadpole condition for the Ramond 2-form fluxes 
suggests itself: 



Here the sum is meant to be over the relevant homology 2-cycles S%. In addition we have 
also to satisfy the tadpole condition for the still remaining wrapped D6-branes: 

N' 



These two equations constitute two sets of independent conditions, one for the wrapped 
D6-branes on the homology 3-cycles, and a second for the fluxes through the homology 
2-cycles. Therefore due to these two equations we expect that the conifold transition with 
D6-branes on a compact CY-space is only possible under strong restrictions, namely only 
if the disappearing D6-branes, and hence at the same the newly emerging 2-form fluxes 
satisfy the Ramond tadpole conditions on their own. 

11. Conclusions 

In this paper we have investigated aspects of intersecting brane worlds on orientifolds 
of K3 and Calabi-Yau manifolds. As our main result we have provided a general formula 
for the chiral massless spectrum in terms of topological invariants. In view of the Atiyah- 
Singer index theorem it is required that the chiral fermions are determined entirely by 
the topology of the configurations when classical geometry is valid. However, after having 
witnessed the construction of various orientifold models over the years using explicit and 
elaborate conformal field theory techniques, it appears to be quite amusing that the most 
important part of the massless spectra can be so easily determined from the intersection 
numbers of cycles in the blown-up geometries. As a new example, which mainly just 
demonstrates the power of the general topological formulas, we derived a "realistic" three 




(10.3) 




(10.4) 



a 
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generation Standard-like Model from wrapping D-branes on 3-cycles of the quintic Calabi- 
Yau. 

We have pointed out that these intersecting brane world models are interesting for 
many reasons. From the phenomenological point of view they generically produce effective 
six- and four-dimensional models with chiral fermions and do provide an intrinsic mecha- 
nism to break supersymmetry. In order for realistic non-supersymmetric models to make 
sense it is viable that the string scale is not much large than the TeV scale. It would 
be interesting to construct concrete models for which such a low string scale scenario is 
realized. But the central issue in non-supersymmetric model building still remains to be 
the problem of stabilizing the scalar fields, in the first place the dilaton, of course. 

For specific choices of the intersecting branes it is possible to get models with M = 1 
supersymmetry in four dimensions. For these models it would be a major step forward if 
one could determine the instanton generated F-term superpotential using mirror symmetry. 
In particular, it would be interesting to see in how far there exist intersecting brane worlds 
which are not destabilized by such potentials. At least we know that supersymmetric 
intersecting brane worlds on orbifold backgrounds are exact minima of the scalar potential. 
Of course, the issue of supersymmetry breaking is crucial to relate these models to the 
low-energy world. Moreover, every supersymmetric intersecting brane world is expected 
to lift to an M-theory compactification on a singular compact G2 manifold. Since not very 
much is known about such Gi manifolds, intersecting branes might provide an important 
approach to detect at least part of their structure. 

Another important problem in four-dimensional intersecting brane world models is 
the question of gauge coupling unification, or respectively, to obtain realistic values for the 
gauge couplings. This seems to be quite non-trivial in non-supersymmetric models with a 
TeV string scale, but probably easier in supersymmetric models with a high string scale 
and low-energy supersymmetry breaking. In any case, to analyze this problem one has to 
compute the higher loop threshold corrections to the gauge couplings of the open strings 
on the Calabi-Yau manifolds. 

Finally, let us mention the possibility of spontaneously breaking the gauge group 
of the Standard Model by a tachyonic scalar field which has the quantum numbers of 
the Standard Model Higgs field. This mechanism was discussed in |I|,|6|,|8| JTl] , p2| and it 
is described in terms of brane language by the recombination of the SU(2)l and U(1)y 
D-branes into a single U(1)q D-brane. Following the change of intersecting numbers 
triggered by the D-brane recombination process, information about the mass generation 
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for quarks and leptons can be in principle obtained. Therefore, a careful examination of 
the tachyon potential and the rearrangement of topological D-brane intersection numbers 
due to tachyon condensation on Calabi-Yau spaces would be worth to be investigated. 
In summary, a lot of theoretical and phenomenological problems related to D-branes on 
Calabi-Yau spaces are still to be solved. 
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